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Preface. 


_ The purpose of Freshman Calcuius 
4S fo provide the student of science or 
“engineering very early in his course 
“with a famitarity with the flundamen- 
tal conceptionsand metheds of the 
calculus in @s far as they are of ase 
In the elementary study of the physt- 
cal sciences. Only the chief fopics of 
the conventional calculus Course gre 
touched upon: rates and sums, Hits, 
maxima and minima, expansions, the 
interpretation of slopes and areas incase 
of the graphs of physical functions, 
and dtfferentration and intergration of the 
simplest and most usual forms. 

An abundance of concrete problems 
net too far fetched. have been provided 
wn which reasonable data are given 
and specitie numerical results are re- 
quired, Ne problems have been intro- 
duced which are fo be solved B 
substituting tnto a formula, Great ém- 
phasis is laid upon the careful use 
of concrefe numbers, the proper unils 


a 


being never omitted. 


Inthe theory presented, simplicity 
and directness have been sought never, 
(the author believes) at the expense of as- 
curacy, The discussion 1s lnited fo 
functions whose graphs are the famil- 
jar smooth curves of elementary phy- 
sical science: a direct appeal is made 
to intuition at many points where a 
 régerous analytical demenstration 
would be nokconvincing, nor eveninr 
teligible fo the tinmature student. 
“The author wishes to acknowledge 
the tnspwation he has received From Re- 
fessors W.F. Osgood, of Harvard Univer 
34) Irving fisher, of Yale Univers ity, and 
D.ti Campbell, of Armour Institute of 
Technology, ‘whose recent treatises on fhe 
Caltculdgs have encouraged him to under 
take the -ask of preparing a simple but 
thorough lext for the use of first year 
Sludents;and to express his thanks fo 
Mr. A. Dillingham, of Tufts Colege,for 
his'very material assistance With the 
problems. 


Tufls College, Mass. 
December, 1908, 
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FRESHMAN CALCULUS 


In the study of arithmetic, algebra 
and trigonometry, the student has been 
concerned chiefly with the finding of 
the numerreal values of —urknown 
quantities, in analytical geometry 
one begins to think of -variukles 
and to reeognize that the manner. 
th whith a quantity varies may be of 
as great importance as particular 
values assured under particular 
condrHons, In sctentific werk one 
is concernea very largely with quan- 
lilies which vary, and whose manner 
of yariahon 1s a consideration of 
primary importance, For the treat- 
ment of such problems a knowle doe 
er ihe CALCULUS Is requisite, 


The CALcutus Js that branch of Math- 
ematics which treats of problems in 
which an essential e/ement is the 
variation of Quantities involved, 


VARIABLES AND FUNCTIONS 


Twe quantities are eaqlled VARIABLES if 
the value of one depends upon fhe 
value of the olher One 1s catled the 
INDEPENDENT variable, or ARGUMENT; the 
DEPENDENT variable is called a FUNCTION 
of the other. The statement that 18 
a function of x 18 Thus abbhrevrated: 


at at © a a & G= P(X) efc, 
A special meaning may be given fo 
PC or : OC) eke 


SO that either shall denote what oper- 
ahions are to be performed upon the 
argument to produce (he number 4, 
thus if (x)= 2x" + log me 
the symbol 1) is made to mean; 'Sguare 
the argument, Cevuble i and add ts logaritim. 
So, for various other arguments, we have: 
f(z) =.27 .+ lege | 
FO) = 220 + tog i = 2 
f VWa+b)=2la+h) 4 t tog(a+b) 
Functions may have several arguments, IF 
P(K,Y4,2) 5 B-yz, then P(a,Z,1)=1-Z, ete, 
A-| Give three concrete cases of related 
variables, Say ineacn case whith you 
naturally think of as depending on whith 


. 


oO 
There are tarse principal ways of expreg9s- 
Ing relation between funchon and argument, 
i. By a FoRMuLA Can EquArion, or a FRULE) 
2, By aGRAPH | 
3, By A TABLE 


NOMENCLATURE 


Genera! INDEP. VAR, DEP, VAR. 


, ArguMeny FUNCTION 
ables RGIN Of Table _|Bony of Table 


Bhophica! crepes Dist, |WERTICAL Dish, 
via ‘iad Fun, Abse/ssa Fise, Ordinate 


Literal quantity whose value /s 


Formulas assumed calculated 
mosh jinvelved | Selyed oul | 


Symbols |x, t, 8x, efe. [y, f(*),eCt),.. 
A-2 If FO)= "square the argument. triple 
the result, qad 5, and then multiply by the 
argument." what fs Foca)? Foy? FO? Fey? 
A-3 if fe)=VzG-2), plot the curve y= T(x). 


A-4 if d= sin(¥rad), tabutare P(x) 
for x-va/ues from o/ol, intervals of 7. 


A-5 iFFujs KL De 43%, find F(x#*R), and 
find + [F(x+a) — Fle]. 


LIMITS | 


This symbol 
Ze 4 FCw) 


means the Limit approached by ft) 
when its argument approaches the 
value a as limit. tf the graph of 
lib A Oe 
(fs continuous, that is unbrofen, at 
xz=a, this Limit will be egual fo 
TF (a) 
and may be found by direct substitution, 


The only sortof discontinuity oceurring in 
elementary calculus is that which tn- 
volves a vanishing deneminater. A fune- 
tion tn fractional form may approach a 
limit when ths argument approaches G 
certain number, and yet fais limit not be 
ascerfainable by substitution in case this 
results in q@ zero denominator. This 18 
avery common and tmportant case in 
the calculus, In such cases some frans- 
fermation jn the Form of the function 

must be made before passing to the limit. 

T2 R'~ sin hk _ 
SRT bane = ae A gz, ton he a 


Re! =p tanh * 


O 


Two limits of great tmpertanee in the 
Calculus, but of special AiPffrculty, are 


Le [pF] ona Lfoent ] 


The value of the first of these depends 
on the UNITS In which h 18 measured, 
Tare ne the number of units yn the 
PERIGON (360°), Then take asmall arc 
of a circle, draw hs chord qnd twe 
tangents, Puf the angle=R units: 
‘ half cherd< half-are< one tangent 
Ory oT Sin RAR aaEP <rtank 
Ore i << ( en}e(sin Re tfh)< sec h, 
As fiz o, the outer timit tends toward 1, 
so the ‘limit of the INCLUDED vari- 
able must be OnE, Then the limit of 
its divisor must be the constant (2nzn) 


ete | Shae R] = 2 
A a 


f=: “7 


When Ris measured ih DEGREES, N=360 
2€2n = 62632...7560=.0m45+ 
When FPADIANS are used Ins limit is ONE, 
A i 2.71828+,called =e. A proof 
oF this is foo aiffieult for an elementary fext, 


NOTATION PROBLEMS 


A-8 Expressin the three ways the func- 
fional relation befween the number af 
seconds a bady fas been falling and 
the humber of feet tt has fallen, 


A-9 In the expression L= tog (Nn) is the sym- 
bol logl ) Comparable with a symbol 
like ( )? What operation does FL) 
direct one to perform if F(x) = log, yt? 


A-16 At what yalues of x Is the func- 
fron @P(Q= = discontinuous? 


A-It Express, by a verbal rule, the mean- 
ae oF FU), if FegS (x3— x +12, 


A-|l2 /s there any diecontinuity in the 
graph of T= (K+1)+(%I? Does this 
Function give all the values of fix just 
as they are given by this: t0q= x+1? 


AVS ¢ fap aay | 
i) x ea _3x]=? Ans. =@ 
P-14 1k FOO = (4t+)* tabulate Fw fer 


| | i 
x=!, 2, 3,130,100; Does it tend foward oy 


A-I5 Given p(x)= Oe ; Compare _ the 
values of (2x) and zon) ’-1. 


A-lb Given bg! Degree Saat find F(x) 
when t(K)= “Ans. 3x3+ 32h .+ te 


A-!7 if the relation between distance, a, 
moved in time,%, ss given by the for- 
mula d&=F(t), what concrete quantity 
ts denoted by PE ltt) — F(t) 


eit Stn. x l- CoS x} _ 


A-19 IF ftxy=2x*el, a # [fexehy — Fra 


‘Azo Given p(R)=(I+h)™® Plot y~ pif) 
for the yalues R=2,1, «5,61, -0001 
Does the graph fend foward (h=0,y=6) 


A-2i If y=Fix% is the equation of a cer 
fain graph, show b diagram that a chont 
DeAizeen points where x1s & and até 
has [F(a+e)-Fl(a)]+e for its slope,’ 


A-22 oh lf e+e)” x™}-hl=? Ans nt” 


INCREMENTS 


The primary question akout variables 18: 
at what Rates do they INCREASE? 
The ACTVAL INCREASE [nh a quantity fs 
Jenoted by writing a A (delta) hefore 
the symbo/ for the quantity. When DeLTas 
gre used before. related variables they 
mean CORRESPONDING INCREMEATS, Thus 
a Besa the temperature at % o@- 
clock, At means a lapse of hme (in 
hours) and Ak means the rise in 
femperature (ih 5) during that smter- 
val. AR may come outa negative 
number and thus represent q@ decrease. 


The increase produced in F(x) by 
giving x an merement, Ax, will be 
A F(x) = F(x + Ax)- Fe 


AQ is a single number, like The sym- 
hols stn 8 logN, f(x), etc, Nor a product. 


Example: tf Q = (i-t*) find AQ, 

Solation : Q+AQ = (i- [tFARi 
=!-% - 2AtU-%)+ (a2), 

Subtracting: i AQ. =i DAR (Ar) 


q 
—6B-l Uf Fcn= ax find Fixtax)-Fe) 


Bae IFT (x) 24% show that Afca= Tar 
PE-3 /f y= sin x, find Ay when x=80°and Ax =/? 


B-4 If y= (x) be plotted, show by diagram 

that the slope of a certain chord 1s $4. 
B-5 What does aa give, ‘f m miles rs 

my distance from town at th min, past 5? 
| a 2 

B-6 Find 4 (ee | Ans. 2%, 


= page a es ea Se ea ee Be 
= eat | IPQ x41 Show that AQ (X+1)(X+AXt!) 


7S If Q=sa7 work out ont ae: 


B-9 /f Q= x57, x=1,4x=.0h BE =? 


B-10 TTrons of earth are du®@ by the end 
of W weeks, Meaning of Tiwe AT=AW? 


6p CIF g = log sin(a°x’), show that Ay 
is @ tabujar difference if Ax=\, 


B-12 R=Vo"-x?: fRove that Sx = - sR 4OR 


-{0 
DIFFERENCE QUOTIENTS 


Many important relations between Phyical — 
guantifes occur in fhe form R=S+T as 
Speed =. Distance ~ Time 


Density = Mass + Volume 
Acceleration = Speed - Time 

Slope = Frise ~+ Run | 
Mileage = Fare © ~ Distanee — 


In these and similar eases the fast twe 
musl be CORRESPONDING amouants, so 
the INCREMENT NorATIon§ is convenrent. 

Speed =A(arstance)- Altime) ete, 


Thus lf distance =z mi, and time=t hr 
Ax _{[Speed, in mi.per hr., during the 
At “llme-interval denoted by At. 
This need not be equal to x+t, for 
consider aq case in whith fhe journey 
| a afd not begin until t had 
Ax reqched the value Lhe 
Moreover the ahore  for- 
, mula holds true only 1F 
| the speed iS CONSTANT. 
If ne speed varies in the tnterval At 
Ax —At 
Is the AveRAGE,or MEAN, Speed during At. 


@eeee e& 


I 


Similarly, the Ava.or MEAN Oensity of a 
piece of matertal whose volume is AV 
cyu.cm, and Whose mass 1s Am grams 13 
[Am~+ Ag] grams per cu.cm, 

The ratio of twe corresponding increments 
ts called @ DIFFERENCE QUOTIENT, Every 
qverage rate, every quantity measured 
in units named witha “PER, may oe 
expressed by a DIF. Quo, 

If two quantihes are connected by 


a formula 
yy ae ( X..) 
AY F(«+ax) — Flx) 
Ne Ax 


Example: Find: MEAN Spee Ser any inter 
val, of ball falling 16%" fl. int seconds 
Solution: Put distance= x = lb ay 

ao ta = 16 (& + At)? -1bt? = 32 A+ LAY 
ae = (32 +16 At) ft.per sec, mean curing At, 


B-13 Find the Dir. Quo. for y= 3xt2x +1, 
B-14 Find the mean acceleratron for an 
interval if the speed is ty ff, p. sec, 


at the end of &t sec. 


B-15 Fer Qa graph, ae 1s an Ava, WHAT? 


[2 
DERIVATIVES 


Since Ay 1s fhe aelval nerease ny 
proaveed bY GP 1CrbaSCLK, IK, te 

IF QuU0., Ay~ Ax, aeroles the AVER- 
AGE. OY MEAN, tale of crease 7 Y 
a8 cernpared wih x tt The Alérval 
detioled by the A. Mf 1s measvréd i 
Uylls of per vit efx. Thustt YF 


in Tors, # In res, Spy 1s 1 Tons pert 


When a very stra” rférval 13 constédered 
theré 1s correspondingly stall vortaton im 
The rate of jncrease of the tneiun, The 
TRUE (Gr INSTANTANEOUS) RATE OF INCREASE 
ofa trnclion, tia), 1s detined as 

| A fT) 
AXx=C A | 
Ilys whok series of goerations 1s. dénde 
ed by @_siinpler syinbol, Ipwit, 17 7=Ka 
£ LOO sae a4 
grid the resol) 1s cated ihe DERWATIVE OF 
tx), (or of 7), WITH RESPECT TO 2. 
The rollowig ae, g/valer) rolalions: 
True Fale = 1 ffoi5 eo[Ave. ra 
Ea A ce ba At@ 
= extol 22 eM FCA) _ afeol a 
ey = axt(x) 


| 13 
Fuxample: Find whe derivatve of Ei 
with. respecT Zo x ~(U7W= a She Deeg 


AQ= %axti” X47. (Tealvee 70 common denom- 


Ipalor AQ=—HRTPAxINEA) W729 The OIF 
Quo. 42 = @raxtc ie Take The /init 
GS AK=O and the_aerivalve % Fowtr: 


pee Ph)” 


Example: tind the Weve spted da body 
which moves So Thar it Iraverses a dislante 
of iS Cita) miles a The firs? % fours 
So th a7 x + (+x). 7h€N _— 
SPCC = x > Ax KAA _ Ke Q/7 
Becroing. her eS 

-»  CFKEAR) CIEX 

Tatiryg the Init as the irierval Ax=0 


Trve sped= as Sa wy. per Fir. 


B-16 [It F=7H— 6 %+ I work ovr Gt. 147-6 
BI7 #Q= iS, work ovr ge =- Rsv 


B18 4 z= eg Hind FE iy Terms 
of x and 4% in Jers of Z 


p.. | ® : e 3 
distance) A/W7e 4h 
B “4 |i kin Fer ie Seconds “ Je soeed =C 


i 
B-20 /f the densily ofa Hud th @ cylin 
Wical yar varles trom The boom tp so 
Thal the rnass_ 17 The Jower % crm. of The 
Jar 1S ee gram, show That the 
dens ly in @ layer, xem trom the bor 
Jorn /s | 207% Ktay] 71S. CU. CI, Fe Spem 
béi19 The Baa ) | 


V0? of Whe Jar 
B-2! oo EN ga and = 20 and r= ya 
tind the sormvla sor Gide. 


Bre The L71A $$ ~ voloine Tortnv/4 4s "N= 
2V*-1, whar +s the forrii/a ror densi? 


B-23 feoreser! the space-/ime tormula tr 
y, mg idly, S=£9T; Ly @ orath ond 
slow Thal the s/ope of me langtil dram 
lo Ihe curve al any, point 1s, egval 

6 The value of Ee ror the valve 


Bat corresponding 70 jhe port lan 


B-24 he soced-lune formula ts v= 
what 4s the acceleraliar-liime Sorrmola? 


B-as If $= V4; qnd k depENAS ON he 
\ndependen! variable % (formula, ger 
gi veh), show Mat JE= 4A-l) FF 


(5 
SEVERAL DEPENDENT V4RIABLES 


/t several variables depend von a s1ingfe 
Independeh? variable we may conpare 
tir Males of charge and gel a derivgive 
of any one wilh resect 76 iny ofher, Wher 
Ihe /ngremen! of The INDEP. VAR. vanishes, 
ol The. corresponding merements will 
vgnish. Hence tf uw, %,...are related 
WT adoes not matter which rere ert is 
spec(tHitd aS approach|pg Zero. 
Theretore  vhesé e@xeregsi(on s: 
é AU AX 
Ako AU» aktoaws, , 
are egvivalent Io (he eApress/ons. 
_Av=0 Av § Ai0 AW ? E76, 
Which, by DEFINITION (page 10), are 
a‘ x 
. = d ae 2 fC, 


Since st 1s rr SIECCSSOVY lo soe pel? 
Which tocerement a O, 7he synbal 


mi be g/Veh This WIDE /NEGNING: 
TAKE THE LIMIT APPROACHED WHEN THE 
VARIOUS INCREMENTS APPROACH ZERO 
Such a litt of any d/rerene Gvo- 
hent rmovst Le a 7 ial hs 
| AP oa 


16 | 
Limits oF Probucts AND QUOTIENTS 


Hk we have Lu=h,ond Ly =k, ara 
“-~-he & 5 ond, y-h =e 
Then 60 and 7+0 in passing 7 limits 


The Provuct roe +€)(R +2) 
| AA eh +e 
Hence Luve= 


BP TS Pry p= ae x(Lv] 
oO 


Limit oF A ee puct oF Limits 


The Quonent 4 = 4+& 


= £+(4te -£) 
= a SoS 


Hence [4 a -§ Shi) F oh 
that & 


orev ided SUCh & 


=a Lf ul bi Un a: 
ay {4 fs c] Ge & ae gvetient exists 
-Lomrr of A Quorient = QuotlENT of Limirs 


These two Theorems lead 7o these Jinpor 
| eng rélasions ppd! derivalives: 


Gon Sea [ar X15 an = Bente = [aw Se = 


si fh -LAh Lk = LaRtaR= (49-38 


7 
DIFFERENTIALS 


ay . 
The DERIVATIVE prs 1s ah abhbrevialion Yor 


kee L 2% J 


and 5g 1s @ single nvinber and nor a 
trachiorn ~~ Bv7 any sipgle rumber na 

be regarded as @ fraction: '\2,= or or & 
Théré are rnany advatiage th regarding 

x as he qollentl of two numbers, dy 

and dx, which are called DIFFERENTIALS, 
JP» 18s any variable connected with 7 and x 
(17 tray Aenolé x iiselt, ory, 17 sore casey 


AY _ pe AN BY. ho 
T= GET, ond FX Fe= HE 
la he DIFFERENTIAL Notarion 7Hese Gecome 


ie Ps fy _ 

Be PMA ond. te 8 re ay 
where Cath DIFFERENTIAL svg/%71es The 
DERIVATIVE with respect 76 the same 
variable (ner id cared) 17 each case. 


The Aiftererital rotator rafyes 17 needless 
fo anscripy nae 11 advance. which 18 70 be 
thé INDEP. VAR: afer 17 18 chose Fass TO 
DERIWATIVEs Ly ed In (hs. At eren yt 
al uniier each aAttferentlal qopearing. 


18 | | 
DIFFERENTIAL FORMULAS 


Jo get a tormvla ror the difreren Tal of 
a tunciion follow these Six STEPS 
|, Suppose The INDEP.VAR. G/VEN an incremern. 
2.Fing the avgrnented yalve of [he fynchion 
3. Dhiract 1h get the wncrernent of fhe foreian — 
4: Divide by fheinerernent of the thdep. Var. 
5, Pass 76 the limit as ncremenls = zero. 
6, MI tiply by diterenttal of /ndgo. Var 


Thus, 76 tind The. DIFFERENTIAL ofg=v* 
|. Gall the Ind. Var. E and let if becorre T+AT 
8. Then y and » become GAY and v+Av- 

ee A fe (ytAv) | 
5 Ly (7+ hy)*—- vr = AY AY +Av~ 


Aag=au Re + aear 


five easily remembered tormu/as enable 
one To AWftererale any algebhrale EX- 

ressiin wilhov? Taking ‘3 SIX STBbS SAVE 
ore tor all 17 dedvciryy She Torrnvulas: 


Ig 
In thes c andn reoresent’ any CONSTANTS 
formas) iu ard v represen? ay VARIABLES 
FORMULAS | 
I aC)= O 
umd(u+vyV=dutay 
m @(cu)= cau 
w avu)=uvdutuiadr 
| er il eo FRE Ale 
| PROOFS : 
1 letysc. Then(léps\enda) 170 171ar- 
jer what indgoender variable nay 
change, does ro! charge af al atid 
(SIE p 3) Ay=0" - (G3, Fg =0 ; (5) aE 0; 
anil (6) “ag, that is Ae) = 0 


a Lev Zar. Then 12,8) 4 TARGAL 
ayAY. A a Ay. — u-, 
@ Age Ge au O) Sh We TKS 
(6) ay, that 1s Alurl)=durdy 
m Le? yece. Then (1,23) a fmmslines 


 Bdy/ak=cau/Ax; (5) dyfdx ¢ du/di; 
mC) of thal /8 Pr ip he cau 4 


w let yavu. Then, (sléps | and 2) 
Yyrthy= (Y+AV)(i +Ax) | 
ae =F + KhAK+tUALY +AUAl, 


20 oe E 
Au tuAY tAWMALL 


ep ak Ene 

A oa = p SS 5EHUAS+ F AK AL 

5 Ay pA 

) Beau gerade dpc 
=U FE+U SE | 


6) AY, Vout 1s Huvry= hdu+rvudy 


W Let ysc™ Taree Cases. “st case vs 
when 2 1s @ positive whole number, 
(2,3) Ay= (ut dul u” (Expand by the 
Binom. Theorem and cance/ u) 
=7 U™ AU + BOE yn? ay,, 


4 Ag Mk RS a non aN ym-2 Au. 


5) Hy. nic’ ge nea 7 i Oven 
= “nt Me 

(6) ay, hal is Ala =n a ae 

Gelcned tale uae a sa frachon,=& 


Lel 72 a” 
Theh y®=u"” (leat asa casei) 


dgj= Pu? dee 
a7 a a ae eur ty, 
“oy 


Poy 
“Se 


ai 
Thitd case 1s when n 1s negalive, =~™m, 
Lev V=u-m™m 
Then a™=/ (Tread the prodve! by w) 
Sell + Y* Mu" "Ak = All) =O. 
ar 


Comparing the second and third cases 
with the first it 1s seen thal whether 
118 plvs or rans, while or trachonal, 


formulas for ACz), Mure), a(x) 
ACE), AVA) ove sometimes added, bv 
Cy ate ror needed as we may vegara 
ee WS Lo. GHA ASC EL | 
u+c aS U+ty and vse IL and t 
zw as (ursw and vse I twice 
aS uu and vse wand 
Vi as Ue and vse | 


Frachons 11 which ether The rnviner- 
olor or the aderornnia@or 1&§ CONSTANT 
Shovld be Irealtd Ihvs ; regard 

Yn as zu gud vse IL 

GY as av andvse mc andw 


Ak | 
DERIVATIVES BY DIFFERENTIAL FORMULAS 


Lrery algebrat expression +3 primarily eiher 
@ Sum, a Proouct, or a Power, of constanis or 
vorlables, and vy be brovoht vndtr sume one 
ot the torrwias: £ 76%. First wrile down 
DIFFERENTIALS by sniears of hese rormulas 


When se 76 Ihe required DeRaATives Ly 
svoblyng he Same adifterenttal asa denom- 


lhaviar 76 each d’frerential The aller siép 
may Le réparded 2s omioine Ly he Gl frer 
enilal of The iNOEPENDENT VARIABLE. 
The clerivative of @ variable with re 
spect To sfsel? +s ently: For 


Re = 1 Ay 
Jo tf the differential of “he \INpEPENDENT 
VAR. cecurs (7 an egvatun It divides 
ovr when we pass 76 derivahves and 
leaves the factor | yn sts place. 


Lraomple: pes Bx 1)", Find Gt 
by x dy 2 (ait-1) dak 
II =A(2x-t) + Ax) 
mm we 2 Gice 2a? 
IY X =Z2(2K-1)* B+ 2KAK 
bass 10 derivalivés - 
= 8(R0-1)% TE 


pene va tnd 3k 
y 


Change 70 ine form: + ah 

4 mo ay=a A(x) 

YZ - = 25 ae OK) 

pass To AEVATIVES 5 ay 3 
ee se = Peek, 


In working ovT such examp/es, he /earner 
ynvs? be conscivs af every sleo of ihe 
partivlar rorrnvla he 1s mye [t 13 1707 
necessary however, exceph a7 tirsl, Jo 
Indjealé the siéas so folly as bore. 


Lxample : Y= G-xY » eset 


Change 1o the form: y= (a-% +i! 
ly WW aly= A (a-X) (-dx)» (+i)! 
T,t) + @-x)™ > CDE 477 @% AX) 
factoring: = =2@-KYRH)-* LOM 4x@-0] dx 
= -2axrXr) Cilt+z2x] dx 


avidmng by dz. ee 2CH-2) (142% ol 
| nrc or) Lae 


Afler oferenlaling a Propuct, The sir 
ples? way 1o make the adgebrar redve- 
lions 18 76 Factor ovF jhe newly /nito- 
duced power of each factor, as above. 


a 
DRILL ON DIFFERENTIATION 

ln the examples below, a, b, c, 2 represent 
Constants. A he other seffers represent 


VARIABLES. 44 a PErenlalin7 by (ntars 
of 11, wt, Wy, verty Cac answer yin, 


C-l y= Gx"-1)(1-0, DY = G+6x-9K) GE 
CR yn SK gnbents, Bh 3(10 0" Ax) x 
C-3 gaans2bxtc, ad 2 (ax+b) SF | 
C4 He (ayy), Sim 2yay yr) — 
De Wate yen ~2 (KN +Y 44) 
oo US TY? a” Oe ee 
C-6 Yy =VT FR, de ge —— | 
ee dy — 2x +1 

Crh Y= KVIEKY od a = 

C8 ys(at+b)"”, 4422 


C9 y= 4%. Aird dy sn Terms one 
Cal A; nay), ax tn errs ory and ay. 


C-I0 A=VsCs -C), dA =7 


-a)( $ >byxG 


na 25 
CH yaVSHK™, Fa 8G ~ x) a1 
CHR y=xO?+5)% dy=s (08 41158 +5)" ol x 
a phy hi tis NEM 
“8 J VEE ? i weet: 
et a he ae 
b =Vax+bx+c, dy =#ektb 
C15 y=Vax'+bxtc, dy = ATC an Ax 
C46 y=NXx, dye Edy 
C-| =(a+xy a- cs AQ _ _ ag “oy KX 
C-18 t+ 2.axytP=b, Sh 2, xa 
C-1F | aa "gage 4", d (¢)= — nent olty 


. ay VERE 
C-20 Y dy = Tae ald 


i 


Oe 
XW 
» = —Sbuvdu 
(64 ae ee = eres — 


C-~22 Y= (2A 43%) dy=/ 
C-23, y= [(a?—2)3, dy=-3% Jar dx 
C-24 x* +y%ea% 14 GYY= Ca 
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Successive DIFFERENTIATION | 


A derivative ss itself a tunchon that 
nay be a Ftertiiated with reyoect To 
ony relaled variable. All di*erenivals aust 
be changed 10 The DERIVATIVE nolalan 
Letore ~ Ihey are themselves ait ferermale 


Examp/e: Y=3 \A+4327 +4 
4 aQ= 1RIGdAx +9Zdz +0 
— Vdx=i2x3 = 442% dey 
Ther & (Yfgy)=36x* Ax +9 [azdz-4% +2". (Sz) 


A Hh) = 36018 = (aha 2 


The synbd/ & (F) 1s wrillén more brietly 
us dt a> 


: Ane eee ax Y a | 
In a@ sinilar way dl e)= GA, eve. 


Exarnple; Giver, as above, OW 
DY = 36x 4182 (GR 49S 
dy : 
Tas TRR +B [ea aR) +2 Oe S| 
of 
eae 
| =72% + 18 (42) +54z fe te = Az oR se 


| AT 
C25 Q=6F +E rt, Te = i6+3r 


C28 s=x*t, as =a 8) + x ae] 
J a ie rE =2 (Gs x* (45 +4-43)] 


C-28 Q= vs dO = nin- A Loa Ge) + : 
3u Se Cet Ser aa “7 

C29 y= 2x> ah - (Rr 

C-30 yr= ax, d*4 = : 

C-3l #+y=a', ae ~ 

C-32, yar, Ay je stn 


dnd if ae =e Os 

C-33 R+Y=a, i 
Show shal: ats ar, aay] he =t¢ 
an : 


dl 
C-34 =$% Sk 2 
: ds ox + 348. Se + Fae X 
ds 
he 


SUBSTITUTION INTO DERIVATIVES 


Calculus deals with fhe relations between 
variables as they change, and nok with 
special values of the yartables, Accerd- 
Ingly ‘Fa calculus problem gives or 
reguires special values, GENERAL Formutzas 
must be got first and the special values 
subshtuled for the variables as the Last step, 


Example: The bead, B, moves up the Y-axis 
at the rate of 31n, per min. and 
drags the bead, A, along the X-AXI5 
by means of a cord §In, long. 
How fast is A moving wher B 18 
4 inches from the origin? 
Solution: The coordinates of A and Bare 
(x,0) and Co,y) and the general rela- 
tron between The variables, xand y, 13: 
a + yo = = §? 
The 3in.permin.is a special yalue GF 
B’s speed, and the general speed= adysdt. 
af t rg the hme elapsed tn minutes, 
A’s reguired speed is Ax+dt when he. 
Differentiating: 2x wah +2y 8 
ein grees. gage? ais 
When y= 4, Seis Tie Bis Down 44N. p ae 


a7. 
An abbreviation frequently used for the de- 
Mamarive of a function, f( >, Is f¢ 1,1n 
which the Prime tnotcates tnat the 
function has been differentiated with 
respecl fo {ts argument in short 


a *) = ce TCX), 
This notations extenaed to higher derivahves: 
f(~yjy= Peg f (x) etc, 


When the argument in a derrvative is 
fo be re placed (say by a constant) this notation 
| Fe) 
ge 7 get fx) by working out & Fx) 
4Substitute c for the argument A, 


Example; Given F(u)= 3y 3 yy? y. Find Ee (3 }. 
Solution; Fiyy= && Fy)= ayy 
Figae & F, Fly) =!8y-2 | °F lh) =b- 224 


VK + | 


C~36 Mae = aoe 1 toi e Ans, -— 


32 +4 
32 
C-37 DP (X) = 2x 23x44, Show that @ (i) = P (+) =/(o) 


C-38 P(X) ERK =~ 3X 4, Show that ee 
p(o)+@'(o) +$@" (0) +t P"(0) +25 @"(0) 


ae Uhh 
C-39 @ (a) = Ea Bae (y= = (tes 
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SHAPES OF CURVES 


Plotting a function, f(x), by points 18 very 
much shortened by using *'(x) and ¥'&). 
fo gef he Sore and ‘the SHAPE ae 
Curvature) ata few points, Given y = 09 


AYERAGE SLOPE = rise +rune= AyrAx 


“eo QLOPE, = Lat = oy = F '(2c)}: 
Note that where the curvature ss 
DOME-SHAPE _ BOWL-SHAPE 

(—\ \ - \ ey 2 
B is decreasing and $is increasing and 


#: 8 =4"Gc) Ts NEG. & $= fx) I's Pos, 


Ip £'G) comes ouf zero,. fare porns Q@ 
little te each stde, There are four cases: 
ae | + 


ELD 


The (wo middle cases are called INFLECTIONS. 


Exam peo Ge x Fe from @ FEW points, 
Solution: Put = - x = F(X) | | 
FIRST STEP; Pl/eF points that can be cat 
culaled by Inspection; — 9 
in fis case, (hese, i 

(0,0), a iz ), 1, 9a. | 


3I 


SECOND STEP: Get general formula for slope 
ond show graphically g 

B =f x) = x?~-4 Z 
F'(-1) = 4% i Fo)ad FCI) =H 


Tip Step: Get f(x) and plot shapes, 
Dag = F(x)= 2% | g 
f'(-1)=*2;f@=0; fi =2 a eae 
Dome; Inflec.; Bowl, 

FourTH STEP: Inspect the formulas for gen- 
eral facts about the signs of f0),F(),F() 
in this case tQ) is £ according @S *% /Ss 
t, and gives bow/-shape _ 


fo the righf and dome- 
shape fo the left 


Plot the graphs of fhese equa - 
tions, calculaling a few potats only: 


mee. Y= k 42-2 (x*-1) 
Ba y= 4 oe x 
C-42. 3&= (y-I)(y-2) + KY 


| x 
Seto. y= 7-% 
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Exact RATES oF INCREASE 


The rate at which any quantity Q (which 
may represent a distance, qa volume, @ 
speed, efc.,) increases Gs Compared 
with another variable, v, (which may 
represent q lapse of time a changing 
radius, Cf, Or Gny cause er Cancomi- 
fant of the change in Q) 18 repre- 
sented by fhe DERIVATIVE | 
: v 

for Hats’1s Derinto as the result of find. 
ing the ratio of the incregse in Q tothe 
incregse in vy and then finding the value 
toward which this (Averace Rate) tendsas 
fhe interval for which +t is calculgled rs 
‘made smat/er ano approaches zero as 
aq mit As on pages/Gi, so in generol; 

43 - AverageFate) of increase of @ 

a Lin unts of 

g¢Q = True rate per unyjt OF a 


dv 


In stuaying calculus, bring to mind 
continually various important @nd — 
familiar physical rate-gquantilies, Gr 
lhe same nature as derivatives, 
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These are well known definitions: 


Avg, Speed = Length of motion +Time of -mo, 
Avg. Accel =Gain in speed + lapse of time 
Avg, Slope =Fise +- Fun 

Avg. Current = Amt. of Flow +Time of Flow 
Avg. Density=Mass of piece -~ Vol. of piece 


Avg. Power =Work done Time taken 
Avg. Cross Sec= Vol. of piece +lts length 
Avg. Pressure=Force on Area -+the Area 


Avg. Fate er ts Incre ment wih 2 pi of an 
Dif. Q uo, DEPEND. VAR. INDER VAR 


All such definitions lead fo exact for- 
mulas giving Exact RATES as DERIWATiVEs. 


Ipeed = v= &x [x= d/st t =time 


em, per sec, : cm, Seb 
Slope Sn 77 y = rise =| 2 Sree 
cm. per em. cm, cm, 
Acceleratton = a = = speed |t =time 
CM. P. Sec. Pp. $eC, Cin, p.sec, | §ec.- _ 
Cross-Section= S= gt Vz Volume| x= length 
_Sg.CM. LCu.em. In, 
Pressure = P=, |F = Force |A=Area 


dynes p.sg.cm. | dynes 5g. cM. 
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DERIVATIVE RATE PROBLEMS 


Attack all these problems in this gen- 
eral way; /*, note what variables are 
invelved; £™% express the vrel@- 
tions between them by means of equa- 
fons, 3°; note. ‘what rales .are ia. 
volved; 4%, obtain the general formu- 
las for such rates; and last, substi — 
tute given values of the. Variables. 


D-1 A pebble dropped into still water 
creates @ circular disturbance whose 
radius lengthens /2cm.p sec. Af what 
rate is the disturbed area increas- 
ing when, the radius _is one meter? 

Ans. About [2 s9.meters P. SEC, 


D-2 The diagonals of @ rectangular 
plate are tncreasing at the rate of & 
in. per sec., and the plate is lengthening 
at the rate of 22 in, per sec. When ‘fs 
dimensions are Jinx/2in, how fast 1s — 
the plate. narrowing or widening? 

Ans. Narrowing % in per Sec, 


O-3 If PN is normal to the curve 


3d 
y =2cx al fhe point P whose x-co- 
Beainale is ad, and Pe 
PM is normal fo the 
x-ayrs, calculate the N 
distance MN, Ans. MN= Cc, 


‘D-4 A body starts From rest grad in 
Beeeconds gains a speed of | 
(6 + 8vVtz5 + 7te)ft p. sec, 

Plot the time-acceleration Curve 

for the firsf five seconds. 


D-5 A vessel inthe form of an inverted 
circular cone of semi-vertical 
angle 47° 1s being filled with 
wafer qt the uniform rate \7 
of 3cucm.per sec. At what rate rs 
the surface ristng when the water has 
reached fhe depth OF te Cat OCHhe !Ocm? 
Ans, «83727; .033;.0083cm.p. sec. 


D-b A man, GFk high, watking at the 
rate of 32 miphr., | passes under a 


light ISft above Ars Berges © 
Beart, which is Straight _.-~  ?- 


and level. Get general 
formula in terms of t, the number of 
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minutes since he was wader (ae light 
for the length ef his shadow and 
the rate at which rf fs lengthening 


D-7 /In thesaqme case as D-b lind 
fhe speed with which Khe end of his 
Shadow moves along fhe ground, 


D-8 A gasoline tank of irregular shape 
(s being filled. The number of gallons 
tn it when the gaseline stands at a 
depth of xft. (s 4(5x?+x°+ 72). There 
are about 7z gallons ina eu. fk Find 
the crea of the bottomof the tank and 
of cross-sections at depths Ift,2tt, 3 Fk 
Ans. 23, .80, 2.36, 4.73 soff, 


D=¢% The curres y= aS as pe a and y= 
= & “Y = 
32%+2t2 intersect where X=2. Which 
curve ts steeper at lhis pointe — 
Ans. Their slopes are 12 ond 1 §., 


D-10 The side of an Eguilat. Triangle 
increases af a rate of /Oft per min, 
the area at arate of 10s¢. fl oa 
we, tow large is the triangle: 
Ars. One side = 633 Ff 


Bios: * 
meat The equations for aes ene 
a projectile are £4£=400tb 
and y~=340t-Ibt*, in fees 
and sec. Find tts direction of motion 
when t= seq lOsee, 15 sec. 

Ans. 24° up, 3°up, 19° down from level 


D-12 The cost of digging @ pit,ts Be 
mulliplied by the cross-sec. In 59. yds, 
times the sum of the depth in yds. plus 
one-tenth its square, At what rate does 
one pay for excavohon at the bottom of 
peer ft pit of uniform cross-section? 
Ans, 0écents per cu, FI. 


D-13 The point P moves along 
=8 alt the rate MME ESA wick 
of 7units per Sc iM 
How fast is the =~ 

middle pernt of OP receding ‘rom the 

point (0,8) at the instant when OP 
= [0 units? Ans. &.l units per sec, 


the line 


- 
- 


P 


D-14 Which increases more rapidly 
as « passes through the value #<-40 
(224)% ort 44 93x 
Ans, Their rales areas /: 44. 
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_ D-I5 A ship sails due north 10m. perly. 
A steamer, 7m, south, 42 me. t 
west, steams due east at ee 
twiee that speed. At what  o%.....----. | 
rate is the dist, belween them cecreas- 
ing? How far does the steamer go be- 
fore their dist begins to inerease? 
Ans. (8) meper hr; 308 miles, 


D-/16 A wave crest approaches a light 
house at arofe of 48F-t, per SEC. Tie 
1ght is 36ft above the sea. How far from 
fhe foot of the tower is the wove Crest 
when tf 1s qpproaching the sight 
at aN tale) of .44'Sh. pesear 82.6 Fi 


Dy METRE time~distance formula for a 
moving point is x= 2%(1-t)* Work out 
the fime-speed, and ltime-acce/era/yjon 
equations and plot all three, t=0 fo t=. 


D-18 The total force on the upper 

ff of a recfang. dam 30ft Jong aie 
qooy* lbs, Whaf 1s the pressure & fh 
from lop of the dam? 480 /bs, p. s¢ fi 


D-19 Aman, bft, tall walks directly 


3Y 
away froma lamp- post, /0FT. high, at the 


rate of 4m, perhr.How fast ie R 
is the midd/e of his shadow —_.-~ 0 ft 


moving along fhe pavement gre 
| Ans. Tm. per hr. 


D-20 If Q=3K=z(I#8) and $= VI-x"*, Find 

the rate ot which Q iIncregsesS when 
x is $ and ts increasing at the rate 
of £ units per see. Ans. 608 units psec, 


D-2! As aman walks oul along a spring- 
board, one end 3inks to @ distance of 

= is w(x +2) inches whenhe 1s x feet 
eeetha wharf end, + 2. con 
lf he moves along | 
mecthe rafeoof FI. 
per sec, how fast Is the end sinking 
when he star/s? When he has gone lorte 
Ans. O and 3.77 FR persec. 


D-22 The eguation of the curre SPQIs 
x3 4y% =4,. Thetangent 
at P whose x-coordinare 
oa. is ihe inet &, 
Find the length of RT. 

3 Arsoret = O uals 


0. 
5-23 When a ball is thrown straight up, 
it reaches a height of (b-/bt'+140%) 
feet int sec. When does its speed change 
from up te down? | Ans. t= 4.38, 


D-24 Alog in the form of a cylinder, 12 
ft long, 2ft in diameter, consists ofyear-_ 
rings whose densily increases toward 
hie..5 Cerner: 90s LAGE we \ ¢. 
(Re mgGS Cl: G Cope . aa eo é 
WHESe FACIUS AMS X10) oe wae 
is L330x*=(20+x)]/bs. Find the den- 
sity at the center and at the bark. 
Ans. G3 and 32 /bs. per Cue 


NoTe: In some problems data are given 
which would he difficult or. 1mpossible to 
ebtain th an actual case, while the guan- 
Hittes asked for could easily be found by 
direct measurement, It is. nevertheless 
worth while to solve such problems for 
the sake of the light they throw on 
the reversed problem, 


D- 25. ais Ony fangent 
fo the curve y*=2ax, 
Preve that COmM= OT. 


+1 


D-26 The speed of a meteor before it 

reaches the denser part of the earth's 

atmosphere 1s given in fh. per sec. 8 
EOoT 


yo = 


where ris its distance From the cen- 
mer of fhe earth tn feef. Find its 
aeceleration at a height of 15000 m, 
above the surface of the earth, 
Ans. /¢ fh per sec, persec, 


D-27 if f 1s @ number Ors hen eee 
number of inches, m,@ number of min, 
ond § @ number of Sec., write down equa 
tions of relation and from them deduce 

ep ay ee & 

am AS 


i20 An gutomatie record shows that 
the work done Sy a certain engine in 
fi hours, beginning at SAM, 1s 
1aPBCIo + SR ~ FAR )IO’FL Ibs. 
Find the power being used at g AM and 
al 10.30AM in horse-powers, one horse- 
power berng equa/ to 390 Ft lbs. per sec. 
Ans. 164 tRand 2035 


—dD-24q from Regnault s experiment s 1 t 


4a 

appeared that the mumber of heat units,q, 
regutred to raise the temperature of b gms. 
of water from’ to T’Cg, is given by the equa: 

-  g= fr+2770**3 F015 

If heatis being supplied to 20 grams of water 
ot the rate of 1/0 heat units per sec, find 
the rate af which the temperature rises 
when T= 50° Ans... 497° Darwen 


D-30 A rectangular plate 1s expanding 
at the rate of I'39.1n per sec, in such @ 
way that its diagonals remain the same 
length At what rate are the two sides 
changing whenthe dimensions of the 
plafe are 41n. X 20INn,? 

Ans. Incr. «322, and Decr. ./04in, per see, 


D-3! The point P is on the curve y= 
x, ot the point where 2«z=4 A tangent 
is drawn from P to the x-axis. find its 
length, Ans, 8.4328 units, 


D-32 Assume that the work done in 
compressing a vapor from volume \ to 
volume Vis l5vv =V, inch Lbs) 36cu. 
in, of vapor are _ introduced into an 
empty cylinder, 9 89.Inches cross- see 


43 


fion, ana by means of a piston this 
vapor 1s Compressed to |cu.tn. Find the 
force being usedat the end of Compression, 

Ans, +05, !bs, 


moo fhe aitifude of fhe sun is 30° 
when @ ball 1s thrown vertically upto a 
height of 54feel How fast 7s ifs Shadow 
travelling along the ground just before 
the bal! strikes the earth? mi 

Ans, li. Fi. per see, 


D-34 A circu/ar metal plate 1s ex-— 
panding so thal its radius increases It 
mm, per min. At what rate does its area 
inerease when its diameter 1s lOcme 
Bs. | 77 Seem. per. min. 


D-35 * Using the term “length of shadav” 
fo denote the distance between a ball 
and its shadow on the ground, find a 
formula for the rate at which the shadow 
lengthens when a bail is thrawn up so 
that ifs height 1s (80t-1bt*) fr at the 
end of t4sec, the shadow making an 
ang/eé of 45° with fhe ground, 

Ans. $2 =1613[ 5-24] fps, 
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D-36 A man is walking over a bridge 
at the rate of 4mphA 
 DaGT passes under fhe 
bridge just below him Jt 3 =/ [Sa 
1S lowed Sm.ph. and the U/, aoe 
canal is 20ff. below the roadway. How 
fast are the man and the boat Se par- 
ating 3 minutes later? 

Ans, 5 mile per hour 


EY 


D-37 A soap bubble remaing spherieal 
and (rs diameter increases at the 
rate of 2cm, per sec. At what rate is 
its yolume increasing at the instant 
if becomes /§ cu.cm 

Ans. 294 Cu cm, per sec, 


D-38 Taking data from this diagram: 
the eguatton of the | 
curve rd 

= bx3-2%+¢ 
sah Ane fe the length 
of PM, which is drawn perpenaaa 
to the tangent aft P where x= +, 673 


D- 39 In. D-38 calcuigte the diskance 
Lrom M te the origin, | tee 
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D-40 The cost per mile of running a 
sfeam-boat yaries as the cube of the 
speed, Show that the cost per heur 
vartes as the fourth power of the speed. 


D-#1 A_pballoon rises to a height of 
liom =V¥4000+m | miles in mamin, At 
what rate ss if ristng alt the end of 
the First half-hour? Ans, About 7mph 


D-42 Walter is poured into a conical 
cup at the rate of 14 Cu.cm. 

per sec. and fills the cup in 

li sec. /f its depth then js 3 
Jom, how fast is the water rising just be. 
Fore if overflows? Ans, .2/2 cm. p, Sec, 


D-43 At what angles doesthe curve 
o> 2x7?- bx cut the x-axis ? 
Ans. + 85°15' and - 80° §5' 


D-44. A rod slides through rings,alA 
and B, which shoe on the axes, < 
and at Cwhich slides on the //ne | 
—x+1=0, If AO= (9-¥?)cm,0B= bt cm 
find speed of C when’t= 2 seconds, 
| Ans. 9.12 units per sec. down, 


A 
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D-45 H us @ number of hovrsM, ifs valu 

i rmrwses: §, 78 valve in seconds: ser 

gown The egvasions ef relaiio arte 

trom The dedvee ina th, 
244% = 60 a 3600 “Ks 


D-46 4 mesear 1s Falling Io Ihe. earth 
ts atstance trom the _cenfer of she 
CarTA IS be 7000 ~- ¥j0 o00t — &*] nr//es, Fe 2 
06/29 a nwinber of seconds, Show that 
i) slrites the Carlh whl F= 1000. 
wilh G Sp ced of &0 Ves Yj a: MWe 


D-47 Locale the pants or The cverve 


Pe 5X7 + 8x7 | 

al which the langenis | 
are forizonTal. Ans(3,—WwAb)y(7Fs*!9-6) 

D-48 Whe perimeler, R of an 1sosce/es 
Hiangle remains eonstan7 
while the. alitydé  10- 

creases a? a raze of Sem, per se, At 
What rive, 1s The @aréa theréasingf 


AMS. (P— RDS 74P 920m Per SH, 


D-49 A weight hangs tom a spring 
anid rises and alk so That is spetd | 


At 
(3 2V8Y~-Y" em. per fee. yom. bein. 
iis distance trom rhe UYPPer Bu 
end of the spring. Werk ou! : 


a formula for the acceleration, %, 177 
terms of y. Als. X= 4(4- Y)ci7- PS. p.S- 


D-50 wWhhihe case described 177 D-Al 
tind the role al which fhe ee 
Visible surface of the earth X 
is fereasing al the line "eri 
mentioned, Area= AnKRx 

MWS. 46.3 Sarm. PET S%. 


D5! At whal rale aes the yolume 
of a cone merease when the altitude 
Baad We radivs of he base 
nerease GW the sane rake, 
0 o77, per Sec. each? | 
Fis go (APA tT") cu cr? 2 See. 


D -52 /he diner SICIIS OF a7 CXOQI?7OHFOH 
cylindEe are 7 =(16+.0004 )ovr, oe ee 
h =(24 t-oo015t" t.oit) CIT 9 the ees 


being t Cg. temperature. Whaf 
is fhe imeréase 7 volurne per degree 
at @ lermperal-re 8 50°C? 

| Ars. 128, cu. crmper deg. 


48 

0-53 OW Is forced wrder a pyslor? If? 
cylinder At arate siwversel 
proparicnal to the herghl, fi, de 
of The piston. MH ihe pistor 
is rising at the rate of em 
per S64 wher h=5em. find 
he rave al which cil 1s conitig [7 
when R= on The pislors CYOSS-SCECHIOL] — 
ae F 89, logy} As. 4 Cu, 177, PEF S06. 


LEO A hia ss being tiled by @ pair 
of Shears: AB=BC=asft How B 

fast 1s M being raised wher 
A and C are ROFL apart and ke 
being drawn togerher by a sackle 
at the rale of Ob mehes per Ssecf 
aaaee Ans. hdl mehes per sec. 


D-55 The orea of an ellipse whose 
aanelers aep andq mM : 
ss 4anmpq wai Ar pi ? 
role ws Ys areq lereas- 
mg If, t being a@line if seconds, p 
=2t and q=3t-! ? | 

Ans at (qt*!) = 17. wer sec. 
D+56 A wa&ite-hof bufler is atropyoee fran 


¢ 
q 

wee perce 
¢ 
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The ceiling of a dark room ®% sec. offer 
a cold ble was &Gg ROPES | trom anoltter 
pont on the ceétlirig \o ff 

away. The later casis a 
shadow o7 Ihe wall 57/7. 
away. Jake Me adslorce 
tas, or as lb ft x he spvore 
of the mmber of secorids of fofirrg. 
find the position, speed, accelerator, of 
lhe shadow wher the tol body /ras taller 
for one secarad. Ars. &2,.37¢¢ below 
The ceiling; speed, 38 th per sec, Aowrr; 
occeleralio/?, 32 7 Ker sec.per $00. GOWw??, 


SNe JTiow Vat 1? Speed! /§ proporiiorr- 


al fe [distance]’, acceleration must 
be proportional! b [speed ]% 


D-96 An irregelar resevorr 1s being 

tilled. The volvrre of waler le? inV 

ex th, ra'ses he height of the waler, h 

1% according jo the Jormela 
(A-2y= 3(Vs10-—1.4) 

Find The . of te waler seurhace 

wher six rallor e vole peek of waler 


A Leer? fer / 
ae AVS. Nearly aiid orn SY. ‘a 


a0 

FDS ON 7 fe rOpe ABC. tUns Wer Oo —_ 

7B and 1s fastened fo fhe Ba-- 

boom af G. The rape 1s wournd |} 

i? ol A, 3% fh.pe sec. How ,} 

fast Is the block, |, rising 

- wher BC 1s teve/? The adinersioris OF 

the aerrich are: AB=30 ih, ACZaa a. 
Ans. AsQl a Yt Per SEC. 


D-60 A tor 1s [40t-5 t4] miles from 
the starhieg por af the end of & tr 
Get iis speed and acceler sr lerms of T. 


D-b1 Find the time befweer slopes of 
he Traize described jn D-60. 
: Ans. 2 hours 


D-62 Wer does Ihe D-bO0 Fei 
tirst begin fo slow gown other slarii 111g? 
Ans Nhre 4.3 ir. attr slarting. 


D-63 An elec lroly te ce/1 dep0s1/s 2x10 “Cu. 
crm, AS. 77 3017, of wire Z17 12 Mack, How rast 
(s he hhamdér increasing wher the wire has — 

ecoime | ini Wich f 
AMS. qq 107° ov, Per SOC. 
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MAXIMA AND MinimMA 


When a funchon that has been srcreas- 
ing begins To decrease, fhe valve at 
whith {tf terns ts called a@ MAXIMUM 
) ~ whelter or ret there may 
be stl/ larger valves of 
ne. turtiorn. The lerm 
moximerza 1s wvused it? @ 
| — relative sense, te valve 
$0 called being grealér thar the 
\valves ao both sides of 1, wher 
Whe function 1s represented graphical 
ly or by a lable. Siralarly Fe) 13 called 
@ Minimum we x=a /*% fla) is. less 
Thaw te valves of F(x) WhEel? H 1S @ 
tittle less or greeler lar a. 


In elementary work we deal wilh con 
Irvous funchons which have corlinu- 
ovs derivatives. The graph of such a 
funchon 1s @ cortinvous line withovi 
shar lwras Nhe @acontevr line |p a 
rolling counity, Or such a tie rhe 
Riot whose alhivdes (valves ot ihe 
fturchon in the curve y= Ffa)) are mar 
ya or miriing, will be al the Tops 


on 

and boltons of the wundvlaians. Ar 
fhese ports the curve will be. Lewes 
that is the slope of the Jangent, F(), 
Will +0. (Bul the slope will also be 
=O qi a TERRACE.) , 
Hel we  AaVe @ 
functor, (0), ard tir7q S 
BU GHELDONUS GB os W 
which £()=0, tas lst wil melode 
all paris at which f() 1s ether 
moxinvun or miuumvum. These€ porrs 
are Called CRITICAL Fonts. hey t@ 
be sorled by wiliuchever ot the follon 
Ing tree (memods 18 most copVverierm 


First METHOD oF TESTING CRITICAL ARGUMENTS 
Calcviaie the valué of ft) G 
crilical port enc compere wilt valves 
for NEIGHBORING ARGUMENTS, /ess har and 
greater than the critical argured. Whar 
| ‘ 1s celled The NewHBORHCeD 
3 of a crarg. Is that rarge 
ane e s— of arguments tot sepataltd 
from I by another cr arg. ln delermiung 
wheiher fa) is MIN, c and & are relohibor 
ig argumneds: Comparing fid) wl f@) 
would lead Te ne corc/vs/ort. 


fF, 
“SEconpD MetHop oF Jestine CriticAL ARGUMENTS 
find the slope of the ora (rate of /'n- 
crease of The tuncricr) for NEIGHBORING 
arguinénls, chesen (as i fhe rirst 
tmeithod ) orealér and less thar each 
criticaql valve, one belweer each pair 
mire. Orly We swols OF fC) 
need be adelermirned 10 show whelter 
We cvrve runs vp-level-dows (7aKx- 
tw1)), dowl-level- uo (, eles tse: Or 
Up-lével-UP oF doryt-léevel-POWN, as 
ea /errace . pork 


THIRD MerHop oF lestine CriricaL ARGUMENTS 
SVbSHIie The triiical argunttils (10 
We stcond derivolive, FC), wd Ir 
the resi? /s Plus we “ave a ralley- 
| bolton, berce a tniatmurn: tf The result 
1s Minus we hove @ Aill-fop end fer 
@ maxinur: +) ang (-\. lf 6) comes 
oul zero wher a eriiicol arpemen 

is SvOSHIvTed, 77y NEIGHBORING va/ves. 


Graelica reoresenaliop) 1s of THe o¢ear- 
esl use (7 pvestins aboul MaKl7td O1d 
lnliiina and  stewa sever be rofl Cet. 
ea. Tenew pages 40 ard Si, 


af 


Va ‘xa ple: LX WMTE I+ 2x7 (x-1) for max 
Weel and (NTI VUES. 
Solus cf? : 
Lor f(»= +2 %G0-) and adtererlhale: 
f/'Q@) = 10%°(%-2%) — By solving Fe) 
lhe critical argumenis ore X=0, +3 
As this /s an Wlestvalive exanple 
each method of sorting ovr The 
maxiina, ae, will be applied. 


18 MerHoo. V2 =.18. Fasy valves of x 
wm the iervals between criteal vol- 
es and Beyond Oe -1, -4\ ae +1 
Calcvlale a lable, war's réesells Povolh My: 
Crit ArA| 5 t{Y75 
farmed a eT z 
FC) PA 1A56 [16 | Te | CR | 


mages Tac Wether 
This table 
QIVES Va 
por: 
This Ther? ts ae 
he gtapl 


_Of the FA): 


Sie 
2°*MetHop. Mebvilale f() for erifical and 
1EIGhbOIING Valves, arid represent as_slopes; 
Crit Arg. NZ Ke, $V 5 
a ee 

SS ee ee Ea 
eee eee oe 
Verdict |MAX.| _|Neither| || MIN. | 

fC) Pecy? Oe ee ee ce 


3 Mernop. Ob/ai7 Whe secorid derivalive 
FX) = 40K CX - Ho) 
svbshilvle crit. orgvinenis ard lobvilalé: 
Crit: Arg. | -NYs5 O | 45 
mee iN Oy ey tt ae, 
[eraior MIN, 
PC.) AES RE OES aS 
Thre fact shat tills aid valleys r7vsi 
ollernale would show frat K=O 1/5 Q 
Jérrace por sirace lhe crivical potas 
adjacerl are @ till and a ralley 


ta doing the ti-sl dozen or $0 of he 
problems, prociite lhe vse of OF luree 
—mefwods ef sorting ¢erifical arovimenis 
wy oraér Jo fearn Jo seleci fhe ost 
conventent ore. Always plot rhe graph 

of The f(%) as a check on vera ith Wen. 
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When a concrete problem calls for the — 
conditions under which a cerlain: guan- | 
Hly,Q, will be a MAX, or a MIN,, if is 
necessary first to note what second 
quantity can be varied whose value 
will Contro. the value of @Q. This /at- 
fer fs the INDEP. VAR, tn the problem 
and Q must be expressed jn terms 
oF ie Phen Tird ine oril. args, and 
proceed according to one of the three 
methods described, 


it freguently happens that the formula 
obtajned for Q 18 a power, a@ root, 
or a rectproca/ of some other guan- 
Fity,M, which is easier to differen- 
tiate than Q., In Such acase it is 
advisable to find what values of — 
the tndependent variable make Ma — 
MAX, er a MIN, and then to tnfer 
from these results what are theMxy, 
and MIN. of Q, 


Example; Find the greatest rectangle 

that can be inscribed in a circle, 
Solution: 4 | 

The circle musf be regarded as a given 
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one, and tts radiuswit/ be a tonstant 
R. The size (Area) of the rectangle 
is controlled by the length taken tor 
one side; then fake one side ag the 
| Indep. van and ealtt x 
\ Express the other side 
ia LOTUS Ok KL Fake 

2VR*- (%)* 
The Area -which is the 
ee _ quantity to be maximized 
7s, Q= 2XVR*?*-— (%%)" 
Both Q and tls sguare will havea 
maximum value for the Same xX, and 

Bee Gl A A 4 
(fs a stmpler quantity fo examine fo 
masima and minima than @Q, 

it: foe M = 4 Rox 2% 

i SOR Rt ie 
Find critical arguments hy solving: 
B8R*x -4 x2 =0 
Critrca/ x's are w=0, «= +R. 
The values 0, and-RV2 can be ig 
nored in solving this problem. 
Examine #=RtZ by the 3° METHOD 
ots a a ia a ia 

#"(Riz)=—-16R% negative, indicates a Ma. 
X= RY gives largest area @ Sg uare) 2R 


IC. 


MAXIMUM ~MINIMUM PROBLEMS 


If 1s not a sufficient solution of a 
rohlem tn maxima and minima fe 
find what critical arguments produce 
either: the MAX. or Min, values of the 
function should be clearly Stated 
together with fhe conditton that 
produces each, The printed answers 
to such problems are abbreviated 
from the results that should be 
given in @ proper solution. 


INVESTIGATE FOR Maxima Ano MINIMA 
E-| y= (x*-7%+6)? 
ogre a x (x73) 
E-3 y= (fxraye-) 
la enn WS a (a-2x)Q = (a-x)? 
F-5° y= (4-1 4 -204= 3) 

be 


E-6 A beam of rectangular cross- 
sectron ig to be cut from a. cylindri- 


Og 
cal log 24 Inches in diameter. Irs 
strength ts proportional to fF 
x*y, tts stiffness fo ot, ‘Oa. 
if x is ths depth and y its breadth. 
Dimensions of strongest beam and of 
stiffest beam that can he cut, required. 


ams What cylinder inscribed in a@ 


, given sphere has _ the ica 
ES 


greatest volume? 
E-8 If the radius of a gphere 1S 


Ans. r= RJ% 
l2 inches, what is the 
height of a cone that 
can be turned down From 


it with the least waste? | , 
Ans. [6 inches, —” 


E-q Three thousand two gallon meas 


ures with sguare bases are Calg 
Bia pe made of sheel copper. 

One gallon = 231 cu in. What , 
are the best dimensions? 9.74 «9.74 4b! 


£-l0 Find the least value of £+<% 
| Ape oe Bo whenwin=! 


bo 


F-t What value of x will mate AB 

least and pow | | 

Short will that 

value make if? es 
Ans. AB=196f xx bbFt 


E-i2 /n making @ hex out of a 
sguare piece of tin the t 
Corners are cuf out and 18" | 
wasted, Using 18° squares ) 

how shal/ one get greatest capacity 


for his money ? 
Ans. Make the box 3" high, 


F713 The cost of coat per hour for . 
driving a steam ship varies ag the 
cube of fhe speed, Show that against 
a current of 4 mi,per hr. the most 
economical speed is bmi. per wr 


E-l4 A Norman window consists of a 

recfangle Surmounted by a 

Sem-circle, Fer a given 

perimefer determine what 

window WI admit the mest ue 

“ght. _ Ans, Make the radius = — 
the perimeter +C +4) | 


6! 


E-15 Find the altilude and volume 
of the cone of feasf vol- 
ume circumscribed about AD 
@ given Sphere, | 

Ans, Alt. 4R, Vol, $uR* 


Q slide~wire el 
the percentage of 
error due fo any _ Es IES 
error in se/ting Me al eo See 
slider, S, is inversely proportional! 

nTO hac ~ az) Show that the besf 
measuremenls can be maae when the 
‘Slider, 8,18 near fhe middle of Space ©, 


E-I7 What is the greatest (/sosce/es 
triangle that can be jnscribed in 
a given circle’ "¢ Ans, Eguilaterat 


-E-18 Find: the dimensions of the 
greatest rectangle thal 
can he inscribed in a 
triangle, each of whose 
sides fs go rnches in /_ 
fength® 


Ans. IlOinches « 8.65 inches. 


b2 | 
E-14 A miner is fo open a tunnel 
from A ta B.. On a 7 te = rn 
keve/ throu gh A is @ i seg ny 
surface of separation 30 fhe a 
between qa soft upper 7B Be 
layer through whicha tunnel can be 
driven for #10 @ foot, and the solid 
rock where the cost would be #30 
a foot. What should tt cost? 
Ans, About 4/2, 500, 


E-20 The hourly cost of fue/ ona 
lher varies as lhe cube of her speed 
being *25 an hour fora speed of 10 — 
mi.perhr All other expenses come fo 
#45 an hour, In what Hme should 
she plan fo make @ 3000 mile tripe 

Ans, /n GSdays !7hrs. 


E-21 Divide a line into four parts 

30 ag fo make the rectangle Formed 

From them as large as possible, 
Ans. #e9ual parts, 


E-22 A box, sguare base and no 
Cover, is to be mocge , 2a 
as lile material as pC@seha 


b3 


What dimensions should be used 
for a capacity of 06cu"? 3’. Ox. 


F-23 In measuring current witha 
Tangent Galvanometer, the percentageof 
error que to @ smell error in the 
reading, x*, 18 proportional to 

(tan «°° + cot x°) 

Show that ft is least when x%=45° 
(Compare this problem with £F- 16.) 


E-24 A farmer wants two equal 
rectangular hen-yards| side of bar 
eachtlo contain 660  : boo } boo | 
39.P, Taking § aavan- Boe Se ea St 
Seve of one side of. the barn, 
what is the least cost of the Job 
at 44 cents a Foot for fencing put up? 
| Ans BBehd 


E-25 The speed of waves whose 
length is A (lambda) A<— 
is proportional fo ae. 


ies ee 

ve F A : 
Show that [hey advance most 
Slowly when Az=Q, — 


bt 

2-26 A half-ton weight hangs two 
PL. fromthe end of a fever ee 

and ts to be rarsed by 

lifting OE Pe. hb Qo teen z 
lever 1s fo be used WeIGhIhg /0 bs, 
to the foot, what length of lever will 


make the easiest Mfr? 2OFt, 
E-27% At .whal. pont, 8B, Shae 
passenger jump from “inet 

his car, which qoes BN fA 

at the rate of @mu. 1 
perhr, that he ma oa 


reach cas guichly as possible? 
He can walk 4miles perhrn , 
Ans, Make AB=11.55 yds. 


E-28 Through the point (a,b) @& line 
a8 shorf @s_ possible, 
fS OrTrawn from one Cx 
VO fe of kere, BAB. 
thal the slope of this line ~ vag 
be -/% andits length (ak+ b% )% 


| 


E -29 in the problem of the tlow of 
air through a small opening, it ts 
desired to get tne maximum 


O5 
va/ue for oe Ee ¢ (gamma) 


being =/,4 ~~ Ans. Z= 0. §28 


E-30 The power given to an exter- 
nal circuit by a 20volt generator of 
intertrial resistance I8ohms when fhe 
current is t amperes is [201-1.817] 
watts, With what current tan +tais 
geherafor deliver fhe most _ power? 
3 Ans, 55¢€ watts with 53 amperes 


E-3) If the law of reflection were this: 
Thepath from A /6 B by way M_,—__ 
of The ‘mirror, MM, must be the A B 
shortest possible one; show %A BP 
that 1} follows that the angle of inei- 
dence, d,must egua/ the angle of re- 
flection,B. Use a case in which Aand 
Bare eguidistant from MM, 
E-32 A gas-holder /s a cylinder Closed 
al the upper end and open af 
the bottom where tt sinks inh 
water. What are The mosf 
economical dimensions for 
ine cylinder? = 
ae Ars. jadius = hel eht, 


° 2 = = aan 


bb. 


E-33 For q certain Sum a man agrees 
to build @ reclangular 
water tank and like it~ | 
with lead. fhe base is to be a square 
gnad ‘tt j§s-fo held 3000 cu: fee 
what dimensions will make the 
cost of lining least ? 

Ans. G/F. » 18.2 Fh x 18.2 Fi. 


E -34 A lelegraph pole at a bend in 
the road |S protected from 
tipping over by a 2oft, stay 
fastehedto the pole and 
fo a store. How for from= 
the pole Should the stake be driven 
in order that the. tension ta ee 
stay-wire may have the greatest mo- 
ment abeut the foot of the pele? — 
Ans. /4., 14. Ff, 


E-35 A man in-a row boak 13S ae 
from the: nearest point, A, of @ Straight 
beach. He wishes fo reach a point 
on the beach §mi. from A. He can 
row 3 mi. perhr, and walk 4mi, per — 
hr. How shall he row? 

Ans. So as to walk 1&4 miles, 
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F- 36 What number exceeds ffs 

square by the greatest amounfe 
Ans. One-half 


E~37 | wish To mahe the mosf 


Capacious box l can from 
a prece eof cardkheoard | | 
—630" x 14°. How big a square 


shall | cut From each corner hkefore 
folding up? | 
Ans. 3in. squares 


—-38 For what breadth across the 
top has tas figure, caer ieaen 
symmetrical and 411, AN sheets ae 
on each given side, the greatest area? 
ATS. 8 tnches. 


E-39 What isthe larges! Box mail- 
able tn England, where the regula- 
tions Forbid mailing tf Fhe sum of 
Jength and girth exceeds Six feet? 
| OIA. eh «ah a ed ENR ND 1 8 

c-40 What is the largest cylindrical 
package mailable in England? 

) Ans. 2ft. long, 4Fl circum. 
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INTEGRATION 


The process of Finding the differen- 
tial of one furchon leads to @ sec- 
ond function, The process of retrac- 
‘hg Ris process, from the dtfferen- 
tral to the function originally dif- 
ferenlfatea, is called /NTEGRATION 
and it is indicated by placing the 
Inreara. Sian, J , (an old-fashioned 
long-s), hefore The differential fo 
he integrated, Therefore (FP 


aAFw= VM (x)ax 
ther 
IQ (4) dx= F(x) 


But Ftx) 18 not the only guantity 

whose differentialis @m(t%) ax, For 

if A ts any constant whatever; 
df Fix) +A] = plxyde 


Hence | pmar= F(x) +A 


The number, A, is called a Constant 
OF INTEGRATION, and must be remem- 
bered as an ESSENTIAL part of every 
resulf obtained by integration. 
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Sometimes the arhitrary Constant, 
(like the exponent one),is “understood 
and nof written, but this liherfy 
the student should nok permit 
himself at this stage of his studies. 


The foregoing DeEFinitioN of INTEGRA- 
Tion may be presented in this form: 
Au = wm + 


Frve formulas for integration follow 
From the five formulas for ditferen- 
tials, which forthis purpose are more 
conrenientiy put into the farms: 


ac =n ©, 
ete vp) =“ vaw +idu 
Glew ps. Vera 
d(vu)-udav= vdu 
m+! 
a + — wu’ du 
N+ 


These are now to he changed othe 
(ntegal form, making use of the law: 
Sete SS) OA. 

Note that if n=-!, there 1/8 no such 
guantity as u:(n+)) fo differentiate. 
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aes Jo sc+#A’a=A 
J(durdv) = v+v+A=Jdu+J du 
Jedu=euntA = claus 
Judu= vu+A-Judvu = vJdu-Judv 
Ju’du= “+A | Frovided wis | 
nok egual Fo -|, 


These formulas may be restated in 
better form for use as follows: 


1 Jo=A.Addan Arsitary Constant 
fo every thtegral. 

a J(dutdv)=Sdu+ JSdv. tnltegrate the 
TERMS of a Sum separately. 

m Jcdu=cJdu. A Constant FAcTOR may 
be moved trom one side of the 
J-sign to the other, 

w Judu = vidu-fudv. A VariaBle Facror 
may hot be moved past fhe 
J-sign without introducing a 
certain new integral as an 
offset. : 

y Ju "du= 42 A. Provided 

wnat P 
IncReAse fhe 
exponent of the base by one and 
piviDe by new exponent unless 
the latter comes out = zera, 


T7 
The use of w is trealed on page 150. 


Inusing XY make sure that the Power 
is multiplied by the differential of its 
base. To: previde for this a constant 
factor may often be introduced and 
offset; thus, Jl2-5x°)"x* dx 

= ~ 75S (2-543) (- 5x2 dz) =~ 74 J(2-523)"d (2-52) 


To verity an example in integration 
differentrate the result. and obtain the 
INTEGRAND, or gene originally oftect- 
ed by the sion of integration, 


Example: J (bx? + z +[x2+1)*x) ax 
| = bivedz +d % ax+t Ststeifo2x ax 
~2n3¢ ans 4 Sx? dixie) 
= 243 +2Vx +h (x41)7 +A 
Verstication: 

dlazv3+2 ve +d (%7+1 +A?) 
= (bx + 4 44: 4 G2+1J%2%) dx 
=the sntegrand. 


Nore /hat Jex(x2+)dz= 2 S(u3+ x) ax 


=o ete iA 
while AX IGe+ 1} ax 2x(4x* ¢X A) ) 
Xk tA tAX 


Nt 
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DRILL ON INTEGRALS 
Two tntegrals of the same integrand 
may differ in the Form of the con-' 
stant of jfntegration wher worked by 
different methods. Thus J(x+)* dx= 
S(x+i* d(x+) = 3 (xrIPtA 

sy t+ x +x +H 4A 

or = \(xteaxti)dx= 4a8+at +x + A’ 
These results AGREE (h meaning: 
gxe+ xt x + Some UNDETERMINED CONSTANT. 


INTEGRATE: VERIFY RESULT INEACH CASE: 
F-) $Ge-1) ax F-6 J qctks 

F-2 J G2-i) xdx F-7 J aaeye 

r=3 J (& + dx) F-8 J (am3+1) ant 
F-4$¥S+1 as F-9 J (1-q) dq. 
F-5 JVi-t dt F-10 J s¥s*1 ds 
F-n S(2x3+vx - 2% +74-%) ax 


2ax 2x AX 6 dn 
Fa Jassje + 0eSe oe 
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since INTEGRATION 1S the REVERSE af 
DIFFERENTIATION, gueslions like fhe pre 
ceding may be asked in these 3 
different forms: 

rte) ax =e : 


dy= T(x) ax, y= % 

ay, = te). y=? . 
eat St = 247-3279 + Vx Sa 
poe | (27+¥x)(2%—-1) 228 


F-1§ dy = (2vu + aye )dv y=? 


7 ax7 +! 

—| WwW = es pI ES @ = 
ed (2x3 +3x%-4)? coat 
a VES 

KN (x~1)(x-2) : 

F-I8 dy = os ak yy = 

F-14 f (Yo dv — s*ds)=% 

2 

S | 
se. 0 Se = 2a Zt ae y= % 


F-2t Sgn 2(¥shsHi-—*) y=! 


F-22 | Phax-JoGp ar-/A2H =? 
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DETERMINATION OF CONSTANT ~ 


The conslant of integration 1s @rbs— 
Trary and untnowr so tar as the re. 
versal Of @ athterentialion 1s  cor- 
cerned. Bvr sorne fack aboot she 
valves of The yartables involved 
Tay make l possible to delerrune 
We rvurerical yalve of tre corsiant 


lxarnole: A body 1s dropped from a 
height of Ore 1s speed 1s 32 ttper 
sec. Wines The number of $60) fia 
gq formvla for tls height i ferns 
of lhe irre. 
Solitins: Let t sec.= time of falling 
“ir 0 tae jo a hetgoht of foe 
a eee They7 ae 
DOWNWARD SPEED=~— #z 
Hance ~ 92 oat 
Vos or eee 
NIE OLalIIR A= | adx= )—32te 

: ; .  =-l6t?+A 
Wher t wes zero, x was 20, herce 

ZO =~—16x0* +A 


7 AA =40 
Accordingly hetghl = (20 —16t») #7. 
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fategrale and determine the conslonr by 
means of the cond ifions giver it? Cath CASE. 


F-23 Pt. = 2x% and y=! when x=! 
24 y=J CY o3+1 dx and wher x=4, 


y=3 Ars. re & 62 412-3 
= a da= (kt +vt )dt and tz=\l makes 
x=0 Als. x= L(t +5)VE— 1) 
F-26 ds= tte: @/70/ * as 
BE s=0. Ars. 3 
a/ 
Prt t= 2 Sh onal &: 2 when 
4 =f. 7Ans, of = ay tl, 
AO ane by 9 dx - O14 oie = A, 
yal, ond $= 3. Ans. y= oes 
F-29 rem (bt and wher tl = 0, 


and a4-= A. ANS. gy=8t?—/8t 4 0,” 


W t : 
's 
i 4 


a 
ni 
< 


F-30 dg = 2q7rdt ond t=! wher 
q =! » Ans. 4 G- Zt)=!. 


eve (43 oy dlways, alia K=/ when =. 
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INTEGRAL RATE PROBLEMs. 


As problems itt raleé of imerease 
were solved by akferentialior when the. 
RATE (speed, acceleralion, density, force, 
réSSUE, 7¢., SC€ pp 33,158) wos Vegvired | 
so wherr a RATE 1S giver The problem 
is solved by rrears of srlegralion. 


Lxqviipole [é fPPLESEULE O7 A Han a 
ony deoth is bke lbs. per sg 77. 
x the deolh sr feel. Wheaties The 
whole pressvre on @ dorm RO’ wide, 8 deep? 
3 [he average pressvre O17 
@ horizontal  sitije 
- ee =~ OArea 
ze C1160 HIE eOxdcol pres 
Taking A sg 7 a8 The area( VAR) dow 
lo deplh h He (R= INOEP. VAR.) we ger 
A= 20h whence dA=Z0 ab, 
AF=62t RdMA= Iz50RdA 
“F=%laso0k* + a conslont 
When h=0, F=0, hence the const, =O 


. F=6A5 
for Ibe whole dam, h= 8 and Force ts 
625x8* far or Z2OTons 


G-|. 7he seed ca body thal slaris 
trom n=5 7h of he line t=A sec. /§ 
Bt tY) 4h per sec. Work evf lhe foar~ 
ywla tor «x i serms of 7. 

Ans. x= $(8t3+1Z2t* +97) 


G-2 The speed sormvla being SR =3¢ 
th per Ste, Te body Ko Aiulld KRENZ ST 
when t= \t see, Hind what x | was 
wher t was zero, Ans. 8% 7% 


G-3 An elastic balloon rs Leng tilled 
with gas. i remains spherical, 11s 
LODIS, 0 iy Cl CAS/179 al a ralse 
a6 ADR | 
ta LS Vitm lC Pel eR 
m 4¢1Ng The nurmber of ranvules Sie 
7 was zero. How long does It lohe 
jo wflale // to @ “armeler oF 
20 ff? Airs. About 25 sat UTES. 
4 dy = ASS, oid WAC K=G, Y=9. What 
B/s y yn Tertas of KE Ais Yyaxen(txX) 


6-5 Acceleraltar being constati arid soced 
ond dish belig Zero when Wine /§ Ze; 
prove aislornce varlés AS SF. of THE, 


(8 | oe 
—6G-6 At TotclockA Q 1s tereasing of he 
rate of (AT*+T+l) wah pl, [fs yva/ve 
Is #40 vis at 3 ocloch. What 19 178 
valve at gearléer past four? 
Ans. Abovt 78 ents. 


G-71 A mine Is dleepered al The 
fale of (20-U)x .0\5 [7. per yams 
being the rvrnber of years site 
The fnime was operea. fw deep 
is s1 QF the €rd of %S Yearse 
Arn. 598, feer 


G~8 /he cross-seclior7: of @ Iver Lit 

creases af [he rote of abo (10+ 2%) 

59 Ah a raile af xrses From lhe 

source, Whal yrs The cross-Ssechor ar 

ihe nevlh of a river (000 rriles long? 
AN1$, thO0C. 8g. 70. 


G-4 Jhe horizonda/ cross-Secli ons 
of a hel! are olrer by he formvla: 
—— S=[@oo-RkP — 167 lp & | 
R beng the dish below she waler 
live. Coleviale olol asploce— 
HET (Ff Slip GrawS Jerre , 
Ans. Abovl 4Ormlhon cv. F7 
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G-10. Shew that the cross-sediorr of 
a rghl core, helghl A etttrs 
erkewlar base, radius Rrra, |\F /\ he | 
Ron below he verléx, 1s 
Meer RH” secre 
lherr bly jnlegralian work ovl The 
yoltr7e of fhe core. 


Gl Af neon rhe lides freight was 
64. above rea? sea level: mm sritriviks 
laler (1 was faling af The ralé of 
[76 + 3Cmt 60) 107 Ji. 2rmir. Find 173 
fiergliT a7 NR40 PM, Aas. 5°15" 


G-1A /he accelerahior of a meseor 
ys saversely as fre 89 of jis ash 
trom The cerler ef The earth, be/tg 
32 Aa sPps. (or TEE 7 per sec.per sec) 
al The svurtace, 4000 ra. from The 
cenlér Ws seced WAS F 71. P.5 3000 
ml. above he svrfacé; wilh what 
weed does 7 Stitel | 

Ans. Abovl 4% tu pér sec. 
Nore: 76 /vlegralé dy — koa show 
ial wdtl = dx ord moligfy cor- 
tespordain sides of These lwo €7va- 
lors. Then telegradlé lhe wd=-kx* dx 


20 
G~\3 for o rratiig body, x ff above 
Gr UNG, ae =-3AAL psEp.by if t ssmeas- 
uréd M77 seconds. /t wher t=o fhe 
speed 1s zero ord she hergld is HW 
11. abore ground, show by infegraling 
ard deléermitung constorle that fy 
ony snslan? denoled by t seconds 
head downward = 32at fheer sec. 
he/GfT abwe grovid=(H- 16.1 t) 7% 


G-14. Dering ov explosia The gas 17 
Q cyliidér 1s aorrg werk Ly push- 
(179 Or The presi of The role of 
[ 50,000, —24x10°(t-.05)"] 4 /bs er sec. 
G7 t sec. sviwce the spark slarléd jhe 
explosion. How much work 1s adore 
Q9a11187 The prislor th the first 75 sea) 
18. 4000 7, jo; 


G-l5 7he slye of a cverve egvals 
he sevare of lhe adtinale, x, and 
jhe pol (R;7) /s ore an 
COVVE: Tirade eevalon 

As. 3y= 2" + 13. 


G-l6 Graefes are gradvally qyoled 
80 Thal o lrae slows es: gps 


8l 
ao ra/é Ree, lo ihe sqvavear 
le lime elapsed since agoplicaliar 
Legale. Wortt ovl forrmmvla for adrsTarwe 
nove d In tis C seconds, and delér 
(nie she proportioralily taesor if a 
Falta 90129 301m. p. fr can be slop- 
ped th tis way it 45. sec. 

A78. G55, “218 BENITO fil. SEC. 


G-IT fora boll hanging ky a spring 
aud vibrajing %é=-— ky, w be- 

19 Whe speed in psec, y be- Gay 
(19 he asi shown (7 feel, = 
(ana Ct being a rnrntbet of See. So 
Show thal vdi=dy and inlegrak as 
Gla. Sipw thay vr = Ro ay , 
a ond k being corslar(s. 


G-18 The rormv/a or the force 7e6o 
ed lo ruse an fydravle dévilor x7t, 
me F=(A.3 + 0045 X) Tons. 

tind The werk dove 1 rating The 
Cleraior 007% Abowr \424 4-Tons 


G-19 find 4 8 aerivalivers 
Goa 


Paved et CA) = F. | 
Ans. F(A= Fle? + 128] 
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G-20 Assvrning inal The yalue of a 
(natiogally Tree over 40yrs. old, say 

years old, sturéases tt feft Jo 
Grow af on qrlval rave Gia 

$120 C¥g -3) +3Vy ] oe 
Hid The lneréase sr yalue trom 
lhe age of '00 years To The age 
OF 200 years. | 

As. Abor #8, 000, 


G-Al A Loy taliig down a hie from 
suyrtqcé to center of earth, arrives wih — 
what speed, /f ifs speed is uw Kips — 
on reaching x tu. below lhe sortace 
where v $F = (32. —.008x) 52807 
Sits, 4.9A srmiles per SEC. 


G-~22 /he pay-roll of @ prosperous Con 
cern increases dally, a! Ihe vale of 
$(10% loy) per year annvally, 4 being ithe 
70. of YS otler Sarr |,1903. Find Tola/ 
aml. wages pad advring lhe year \FOF. 
Ans, # 10, 204, 00 


G-23 Wher a bul? penelrales aoe | 
jis speed is redvced at ihe rate \avitx 
tip. seap.idch. fil strihes wilh a 
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speed of 2400 ff. 6. sec. how far will 
it pencltalé,x being The 17a of trehes 
penetraled af 4 NsTari ? 

| Aris. b00T 44 iro hes. 


G-A4 (faa tron bal! falls in walér 

wilh half jhe acceleration if has in 

gir (We latter 1 32.2 4 psps.) how 

Jorg does th Jerkhe Fo foll from oa 

fe/ghl of \000 7. obore walter je @ 

dépl of 500 fr hefow s/s ser face? 
Ais. Abou! Gz sec. 


G-~5 he radivs of a sphere siiteases 
at aralé swrversely proportional Jo 1s 
own lerglh. Ger a formvla for lhe vol~ 
ure 17 Terras of lime, V=kKC&+AA. 


G-26 In poling a stake wy of she 
grovind, The resistance, R lbs, odecrease 
as The slake gives, so thatl, He ro. 
of wnches 1 has been ralsed, 1s re 
loled Fo R according To the tormula: 
et ae te 
Calcv/ale The werk, dore 7 ratsirg 
the Stake Me rmrst rive siaches, 
Ans. &7.8 ¢F lbs. 


8+ | | 
TRANSCENDENTAL FUNCTIONS. 


The tenehors which have been netd- 
6d Tavs far in lis book have all 
been rtorrned trom the orgvinent by 
combinalions of adding, subtracting, 
Hw!toly ing, dividing, ner lo mlegtal 
trachonal, or negative constant powers, 
A tenchor whose tormeotion Calls for 
any olher processes than @ definile 
self of These 1s calle) TRANSCENDEN- 
TAL. The post Jarahar sranscenden 
Tal tonctions are the Trigonomerrie 
tenclions, the ctrevlar (or inverse 
Trigonomeliic) fractions, the logaritims, 
and Ther verses, thé exponential 
functions (base with varia ble exponent) 


The Iranscendental functions that are 


mos? consercvous in elem, calevlvs are: 
us Og. U™ 
Tov 

SEZ 
cos 
lanv 

are sinVv 

are Jari v 
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The six high described ott page 18 
wih be #tt If dedveing the 
Mth ferent! als ef Ihe furchiorrs: 

| Z ‘ie i a 


ard tron he. pate Seite The ast ferep- 
hals of he other five will flow. 


fur y= log v 
VE ipl tay= 2og (1+ Ar) 
we # d a= ols vtAv) ee 
> aad 
LAS in se) %r 
* 
d 
. rat de 1ge 
(6) 


“d & (log v= + loge 


* L jp Au) Zar oe (i+k)% which 


Av=o 
limit (see page 5 : /s he rumber 


A-T8A8..., Which 18 called E. 
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PUT ZB SuU2V 


Ciandla) ZtAZ= SING HAY 
(3) AZ= S/Z (Y+AY) ~— tA V 
= 2c0s(2V+Av). SINZAV 


(4) “AZ AV\ Av. Rt 4V 
Fo Game cos(y +S). Ax ae 


7 AV 
Oy" dz_ cosy .4h. af : 
ax — Re ae 
(6) az= 


d(sirv)= cosv.dv. 


If bogy 1s @ Gommon LocaritHm, (BASE IO), 
ond “The angle v 1s expressed in 
Decrees, hen she 7wo MULTIPLIERS 


*f singav _ f£ sink 


ae gay k=0 ff which 
lim? (see page 5) 1s the permber 
AN +? | 


the number n being sveh thal n of the 
Units 7 whith The ANGLE ss measured 
= 4 REVOLUTION = ZT RADIANS = 360° /heretore 
hé MutiprieR, atin, vst be the 
FPADIAN-E@uivALent of Zhe Anole-Unit used 
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(. 2egC afd  &AuTK 
have meonvertnl! numerteal valves: 
pat FATT + ord .O1rT4s 3+ 


_Bu7 if NAPERIAN (or NATURAL) /ogarilins 

(Base, €=2.718+) ond FADIANS are used 
jhe SEC me!liplrers Take Ther siunple si 
and most converyvenl valves: namely, 
each is egval 76 The Factor ONE and 
so need ror Le wrillerr 7. 


for This reason E-LosaritHms 97a 
RADIAN-MEASURE are used wherever 
Ailperentialjer? or llegrasiore 1s s- 
volved. Tables that wl factilale jhe 
use of these systems are giver? ot 
pages \54-155. Throvghol she re- 
wmander o& Wis led tt rvs? be 
under stood lhal fogariltims aré To 
The Bast & wr/ess some olher hase 
is Indicaled, ard Shalt a// angles 
aré expressed itz Ranians cviless 
some olher wnit ts indicaled. 
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From VWoond Wi are oblaned: 
wir ob et aa Er du 
zx d cos? ™ —_sn6 dé 


x adlanO™® sec*6 a 


% ' ol kk 
> a are SteUu = JT 7s 


% a all 
xn A are lanu= aay s, 


itt the tollowing manner: 


VIL Pur y= eC” Then log y = u lage =u 
a al £ lags. 
= ld 
ai hen ous, 


x dcoh= afi -sir*O)* a 
= f(1-sir’O)*-2.sirG cos6aG 
=—wn0d ade 


* The funcHions Arc-sin(u and 
neat The NuMBER OF RADIANS /7 re angle 
whose sire or Tanger 1s u. They de 
ol near Ine argles themselves and 

crefore sray never be expressed 
QS 80 many degrees, | 
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x ad imd= dl sind: (cosb) 
= COS - (cos) 

+1728 (-IXcosO) *~- sin @ dO) 
=[1|.+ fen*91ae 
= sec’ ade 


xt A 62 are-sinu, Then ux sin€ 
7 | du = cos@ dé 


oll 


Aar-shui= : 


xm ips arclanu, Thenu=lanp 


du= sec*@pad 
sec’ & 
— _ Ak& 
i+zarn* @ 
ef ta 
darctan“a = Fur 


Forinvias for the aditterenttals of a; 
sec 6, art-cosu, eFe., are offer, g/vell 
but “they aré not offen reguréd and 
then are easily worked ovl e 
nelhods vsed ror Ul, kK, and Xi. 


G0 
DRILL ON TRANSCEN DENTALS 


Formu/as wt to XM are converted nfo 
the integra! form below. Observe that 
w provides for the case fo which 
exception 1s made under W, 


viti 


“i 
duw=nu™au vy Ju"du=4 +A 


if n#¥o if n#-! 
a Log u = iy VI JS = log u tA 


d sinu=cosudu va Jcosudu=sinuta 
de“=e"du vy Je'du=e+A 
a COSu=~-sin tu du IK Jsun Uu du=-cosutA 


Aianu= secu du x J secu duztanu +A 


_ ha dw. ee 
ad eresin one cerry x [oes aye Stn UtA 


d arc-tanu=-S% xm eer =are-tan u+A 
The definition of legarithm is recalled; 


ff oN = B 
Then L= tog .N 


7 


a det H-b Jcos3% dx 
= i: ad 
H-2 dcos2s H-7 errs 


H-3 da logsitx HS { ee 
H-4 d Log(3v*-1) H-4 j ~Zae 


H=9. ad arctan & H-10 J sinx+cosx dx 


du +dr | ar—dv 
elses lt j f= 


es mee dd ( sin” hp + cos*8) (two ways) 
H-18 d Logi) *< & xX =) ( Split up First) 


Bf? | #& ar J Exts 
H-15 i ea az H-2) dare Secu 
H-Ib @& 10” H-22 Jas 
H-i7 [Sieeax H-28 a cot G 
H-I8 fd sec 8 H -24 | AS 


Hed d Log x H-25 a sin(a*ed) 


G2 
MISCELLANEOUS PROBLEMS | 


FI Win is being compressed a) CL 
closed cylinder, The Wwrakc 
outside “gir heeps a Cuyraas sk 
pressure of 185 lbs. per Gia 
sg. in. on one side of the piston 
gnd fhe compressed air resists with a 
pressure of 1/5 /bs.p.sg.in.x the  guo- 
tient of the original volume divided by 
the tnstantaneous volume. What work 
must be done to reduce /6cu.In, of 
air to & its original volume? the 
piston area (§ 4589. in. 
Ans, 72% inch Ibs, 


I-2 Weber showed that the number 
of heakunits necessary to taise one 
gram of diamond from 0°Cq.to t°Cq. I$ 
.0947 t + 000 447 V—. 000 o00 12 t 
Find the specific heat (heat-units per 
degree rise In temperature) at the — 
ordinary room femperasure, 22° Co. 
Ans: giltg 


1-3 Aecordrng to Newton's law of 
cooling the temp, of a het bod. 


| os Pen 
falls at a rate proportional +o its ab 
solute temp. How long, then, does 
it take a body to cool from ds000° 
Abs. to 1000' Abs. 1f s+ begins to 
cool af the rate of 10° per sec.? 
Ans, /3 mtn. 248 Sec. 


1-4 /f the acceleration of a_ pod 
varies directly as ils speed, show 
that both speed and distance are 
exponential functions of fhe time. 


1-5 A vapor under constant pressure 
Is being used as @ thermometer 
fF tt expands at a rate per 
degree rise rn temp. Which rs 
Inverse/y propertionadl fo sls vor 
ume, and if its volume would be 
zero at ABS.ZERO, show that He femp 
will be directly proportional fo the 
sguare of the volume of the vapor 


I-6 The speed ofa falling body is 
44,.27NR cmp.sec, hem. being the 
distance it has fallen. Show that 
the acceleration 15 constanl and 
is egual to 980 cmp.sec psec, 


q4 
I-7 A sonal caw be Iranmifled by 
Q@ svbmarine cable one cm.in ada- 
meler, msvlaled with an envelope 
of guila percha tom Wack, at a speed 
; 7g 10’ 4 logt , 

_Ailormelers per sec, What 1s the max 
lrnvrn speed of signaling, and for 
whal Mmehkness of Insvlation? 

VIS. 123,000. Aon asec, b6F8 crz. 


I-8 A gvage records the height, yi, 
of The Ide i fhe rorm of a ovrre That 
from 1AM 7% ARM. savistes ihe egvaion 
= q~—VRX +h% 

XK being time atler noon in hors, 
ond oy being measured up fron 
a cerfain mark. Arrange a lable fo 
show The rate at which the "de 

rises or ebbs al phe ever half- 
hovrs trom WAM % BPM. iiclvsi ve. 


[-] Awteel rams R tt, with lined 
cenler, Turns ah whe : 
rave of w (omega) 
radians p. sec. Work 
ovl a forrnvula for the 
height (above a level 
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drawn Strovgh the hvb) of a dot on 
The rim of the whee/ - in terms 
of The angle @,- and fromit a 
tormmvla for The speéd of rising. 


[-10 Work ovl a forrnvla for The side- 
ways (noiior ard speed of a bvg 
that this on The rim of the wheel 
described i 1-4, a7 a pont just hen 
leyel wilh the tvbh, and crawls a- 
tong a spoke at the rake v fip. sec. 
[-)) “7 FAs ra/-spreader At=AF=HBaIF 


=30 sh, AB=50 sn. ard the a 
screw shorlenes HE 42.28. 
At whal rale are /he ; oe 
rails spreading ¢ Ans, 3 th, psec. 


1-12 0 find e aclval net force hat 
sends The boat ahead, 
gel Ihe cornponeny ar WIND 
whd-pressvre srrinasf \ 
To the sal, then tind G 
The comporrel of Shs a 
along the direction of The keek How 
had The sa1/ best be seh ard Why? 
As, Jo thal K=IVOtRE SF LECAVS Onin 
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I-13 from the dala orver in J-8 
tind the ire (70 The rearest rninvte) 
oF whith the “de lorned. Was ii 
Ligh or low Mde 7 

Ars. Low ar 12.42 BM, 


l-l4 /f par and vape are equa 
Show Thal or7 @ p-v- diagram i 
Ihe graph of the relation \, 
belweey p ard v must be 


@ stralghT line throvgh he origh, 


I-15 A counter-sinkt Lores ovt a conn 
al hole whose angle 1s 40° =F 
I? Ihe arta of the conical 
syrrace (nerea ses varrormly, , | 
show that the déplh increases af 
a rale inversely as the depth, ard 
The vol. af arate directly as rae deen. 


[-16 Fe explosion of a ryefeor serids 
out a spherical wave, Whose surface 
advances a7 a rale of 1500 FI. P. sé. 
in all greclions, At what rare 1s 
he volume of ar arsturbed 
MICK CAS1(TG arler (Ogee 4 

” Ars, 44°10" cu ft fre SEC. 


a 
I~17 Force in dynes eqvals lass in 
grams aceelerasion s/f cr. per se 
per sec. Dedvce @ yormvla for cen 
Iripelal force in the following monner, 
Ger fhe fornwla fer 
verlical height of a 

pol movirig around 

a. arcle, rad/us RK evry, 
wilh @ speed of v crn, 
er sec. frorv His pan 
tirid the vertical cormponen?! of 
soeCA and The vertical accelerosion 
lhe acceleration Toward fhe censlér 
nay be found by lating the verfical 
accéléravion at the yastant the ymv- 
ing pont 1s al he bolton of lhe wheel 


[18 When a chy ts pla Ca It @ CUF 
ven’ and release’, it Slaris frorr 

vest and receives. att acceleration 

proporiioral Jo We orrerence bewen 
its own speed! and What of the cur 
vent. lt The soeed of she current pv 
B rules an howt, and atlér half a 8&- 
ond ihe chy 1s gotig 6 riles an hi, 
Show thal she proportionality sacior 
oes 9979. for unts 17 rniles and Povrs. 
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I-19 A4-4f whee 1s rolling org, 

57% per se. Vor ove 

formulas tor thé x ant 

he y of P, @ port on on 

the ‘rir, whitch slarled af FR 

the ort9in. find Ps fhori~ ++ ssmcbe 

zontal and vertital speeds ord accel- 

eralions at the erd of \k secords. 
ee speed accelera lior 
terlital 4% fps.ritht thtpsps lett 
Hoplzonld Rs ps. down 104 tpsps Aowr, 


1-AO Wher GAS Llows ov? of @ closed 
vesse/ silo @ vacuum, 1+ Blows aa 
rale proporlional yo The. amovrey re- 
malig. I thts rave was 0 grams ps. 
wher \00 9m. rematrréed, hew /ong bite 
only 50 ons. rermarr 7 

MWI8. 6.93 SCC, 


Pe 
e 
« 


[-2| Wher @ box 1s yelled alaig lhe 
floor by a@ St11g rhe p 
resistance 1s the prodvct..miN2o_.. 
of fhe coetticlent of srrretion (la THs 
cas€, say =), ¥s he dtlerete Law 
The weigh’ of the box and te ver- 

fica! component of The pull on Ihe 
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string. This is Jvst balanced by the 
fiortz, cornponeriy of The pul. For 
What angle, 8, 1s This we a rm7ing- 
l77170 413. Abovr 334° 


1-224 When @ store 1s whirled by 
a Sling thal winds wp on mes _ 
HiAger, the soeed conponent a 
norinal 76 the sli renwins o 
constant aT 1077" persec. The 
sig, originally 8 Ff, Jorg, shorters 
it per revolvitan flow lorg does sh 
fake 76 wWhidl tof Megat "inglr a8 a 
Saliorarg pornl, fis 28.7 Lee. 


[I-23 Find the polar coordirale equa. 
Tiorr of the_palti ef the store ce- 
seribed 17 1-22. 


[1-24 The rope ABCB revs. over pul- 
leys al Band C ard is made BR: 

last Jo Ihe trast al B. -/F 
The rope 1s wound tt af A, 
34 4t per sec, fon fash 15 The A! 
ern of The boon, C, rising when BC 
ws level ~ Gwen AB=30F7f, and AC 
Bes fi A len. per vee, 


|00 


I-25 Dedvce @ formela for cerifrt= 
pelal .acceleraiio in thts manner: 
Forra expressions for she 
x and hey ofa port 
revolving abowl Ihe ortgir 
/tt @ btrele ot radius, R : 
C7, Wilh a constant angvtlar | 
Jveed of wo (omeM@) rad1qns per see. 
iid Whe horizontal and vertical ac 
céleralions. Show that fheir res vlt- 
Gn ponis Joward lhe or1g/rt arid 
Vhal Ws magritvae ys Rw*cpsps. 


I-26 Locale the highes! pomp of 
jhe CARDIO, Whose \ 0 
egvaliorz it? =polar LX 
coormirdaés 1 This : 
r= Z2a(l- cosd) 
Ais. Pr=J5a, G=120° 


[-27 7/WHt/bs. is The werk done in 

COMPLESS/TI9 A GA, afd wv curt 18 

Ils volume whén wider jo lbs. per sg, tt, 
pressvre, thers AW=p.dv. Bvt by 
oyLe’slLaw pxx ss constont, /ind 
Wow Terms of w+ a!$0 Fitba 

Wt TEES. OF, BES AS ; 


ll 

[1-28 How near ames the cvrvre 
xX + Vy = Va 

corme Jo The or/gi7? Mla 


1-29 The range of a Pectiage 
\6x*97Z20 miles 17 

vrs the speed af We i 
(MVZLIC 117 "Ih ET SEC. — 

How for Caf? @ gurz shoot wit 
Mv zz/e seeced Of 40007h ps? 12.65 1771 


I-30 (A /ens problem) C,F, L are Mite! 
pols. CF= san CL= Z, 
cm. I 1s 30 cm, trom and 
approaching It at the ralé 96 &* 
of Remp.sec. At what ~¥* 
gpeed 1s O moving and tr whar 
Precio? = Apis. i pre lett ve cm 
per SCC. ana Gown jez cra per see. 


[-3) Sow 4igh a light, L, ves (he 
Lest (Heimnatar for a pe 
around a 100 4 crev/ar yi ; im 
blot 14 She Mvranaic fore 18 iB 
hgh as snOezr™ of (Se 
any port 1 The path? 

vs. Be35 fl. 4ur. 
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DEFINITE INTEGRALS 


The integral, [ LF) = F)+A, is 
called an |NDEFINITE ¢*27egra/ on at- 
count of She intnown rivinber A 
added as aconstant of wiegranon, 


A special and yery convenient way 
of Welerrmrnirig fhe valve ot she 
constant will rw be adevrelooed. 
Given Pplydy=hm) dx and 
y= b when x=a. Meguired ¥=B=/7 179=K 


hithegramn Diydy= Pcy)+ B 
mas “¢ {ioe F Aa 
Svbshiviing Pd) +B=F(a) +A 
P@B+B=FMtA 
Svblracting Pp) -Pb)=Fa&)- F@) 


Tlys resal? ray be pvt in the rorm 
lf PG)dy | y= [J PY) dy 


le 
[fGodad 5, i (4) Noa 


or in This more cornpacl form: 


tg alyydy = a fa) dx 
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This Notation 68/79 adopled 

ee = 

|, £(u) au =[{Fadu iN fF) 

P. u G? U=p 
This new syrnbol: 

C f(a) dau 

1s called The Derinite silegra/ of 
Pra) dic. From FP tro Q.. 


tiii)du ss the thrHoraNe 


id vu wt VAR. OF INTEGRATION 
ahaa © " Lower Limit 
Q "4 Upper Limit 


Note: “re ORDER in Which Jhe oper: 
ohons trdiealed by the DEF. INT, 


5S fluldu 


must fhe perrormed 1s TAS: 
|. “nlegralé Ku) du Asst 
&. Svbsiifvle the vpper raf 
3, Subs TU7e The lower rth 


4, Sublrach lavfer resol? trom forrqer 


The conslanl of ilegrajiir, wrar- 
ever 1s valve , cancels evF 11 
evalvating a Derinite wnlegral 
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The vesv!? atl the bolton of page 102 
may tow be staled sJhus: 


Integrating bolt members of an egva- 
Jol? by DEFINITE /1e9rals whose corre- 
Sponding, /tTITS Gf CORRESPONDING Va/- 
ves of The variables of rrtegretion, 18 
eguivalén! 16 miegraling ond ael¢r- 
Wilhing the cor slant of rlegraiior, 


In the SOCIA Case WHICh CCC Urs S087" 
treguenly, Plyy=1, Whats, /we have: 


Gwen B=L0a) and g=b when Aza 
Heguired 'Y sh Tits OF Zz. 


The corresporadiiig Urrer /irm73 are the 


GENERAL VALUES, 7 a7d2, Which Ue 
re ured tormmvla ie Fo copay. 


Herre fidy= [ora i Fi 

vpn efraste 

Note. that Ihe x in the veperlimt is 
C 


a valve to be svbostilvled Tor tf: 
A i Whe injegr G10, whith loller 18 The 


oe 
variable of mlegraton. The latter does 
Nol apelgr 1 ihe resell, and the 9a 


Viens 77Gb ervdlly well be wrilter 
| y= bt fr f(t) dt 


The valve of a@ Definite Integra! 
WE~ENAS only yoo The Limits and 
The FoRm of jhe |NTEGRAND. 


Lxagmple: The speed of @ Trair7 1s 20 
‘ftt.p.fe a7 BAIOPM; (4 18 WICrEASING 
al the rave FB rup.hr. af mm prin. 
past &. Hee: General Yorrivla ror speed 
Solvijon: vse wx for Soced tn ti. pr 

z mm or ninvies pasl APM, 

AL. TH ae 

loss ES oS a “~ = oe Arrz 
Integrating beliveen corresponding lmirs 

r ap iL ™% drm 


v+A]y, = me 1 A 1 


Je WALF-BRACKETS wth The Limits 
should be vsed 1o iIndicalé thal the 
last 3 steps are sil] 76 be pervormed 


Finglly, v= G8 + 2) rai per tr 
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J-1 |» cosxdzx=1 


JAD fe = ee 

| (dx _ | 
J-3f =a. 
J-4 fC +x) ada = 4T 
J~d 4 (== 1.0472 
J-6 tind 9 when x=2, IF UY /1CTEAS- 
CS: AX Wimes as. tast as ga 


was one Wht ~ was one. Ais, 5% 


2:38 dan | 
J-7 jigs Rte Se 


J~8 avy= 2ydx,y=t when x=B, 
t/t y when ana? AS a7, 9 


ak fd y dy = | ee CAD: solve, Ang Y=tR 


J-10 Sind the amwnt of gas burned im 
Ihe whale lov between 8.30PM, ond ‘1.30 
P.M. /f ihe ralé af which ir 1s burnedR 
Cur pitt, 18, a7 _t 71), ater 5PM, giver 
by the rorrnvla (t-180)*=60(630 -F), ~ 
| Ars. 45,000. cuff — 


|O7 
AREAS 


A certain Type of Area 7s of great im- 
orlance on accetyl of si vse tan The 
terest lation of physical gvantiles. 


Spea hin of lhe x-Y7-plane of Analytical 
Ronciy as having arecitons tke a 
nap, the lye of area referred To 1s 
Bounded on the 
NORTH fy “recurve, y=7(X) 
SOUTH by he £-@x/5 
WEST Ly @/iné, X=2 
P EAST by a line, x=6 


aig 


7e solve The problen of caleviaiing 

1s Gtéa, coristder yirsl lhe more 
general problen of an area lke tbe 
above Let Londed on the EAST Ly 
@ VARIABLE ver/ical line whise x- 
eoordinale. wil be called K fo ais 
tinguish it tron the *% used as @ 
running cooranare ror lhe, various 

ints along he curve y=+(h, Dende 
THiS VARIABLE AREA Ly A, ond since 
I deo€ndas ge an may put 

1= F 
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Now delerinne the raté at whiik A in- 
creases qs the eastern fovndary 1s 
shitled along: hat is tind “Wy, 


There is a port, whose 
x-coordingie will be 
called K,,, or1 the part 
of The curve cverAA 
throvoah which a fever 
| line cart be drawn that 
wil! SauAre oFF AA info @ reclangle 
egu/valenT Jo AA ta Area. Ms ali 
lv de 1s (K,), 18 width 1s Mz. 


Now follow ovl The rerranuing siées 
(see p.18) tor tindng @ a¥leréniidl: 
(31@03) AA= 1(%_)-AR® 


Or, Bee eee) 
(3) @4 = f(x) 
f(%) AR 


(6) aA 
We have A=0 when X=a, Hepuired A=? when 
X=6, miegrating belween MrnTs; 


an =lo t@adz 


\ 
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or:| 2G) Area under ~fet) =|” 
laine STON K=@ Saad be — 
This formula vs often written ; yAx, 
being understood thal wey i To be 
replaced by tle valve* i ferns of x 
trora the egvation of the upper boundary: 
y= F(X) 


Example: Find the area between the 
curve: Y=X(-2*)*and the x-axis. 
Solv Ts ors. 
Flot the curve rovgh- 
ly and shade in ihe 
regulréd aréa. On -1 5 
Ihe aagram always maicale the ver- 
Weal ottd forizori/ scales vsed and: 
daw a vnil sovare (dotted) 16 show 
Ine AREA-vNIT 1 Terms “of which 
Ihe vesv/l 18 76 be expressed, 
The €as! ard wes! bovrdaries are th 
is Case (mere pornls, X=0, andx=| 
The shadéd aréqis 


| ['x0r-8)dx= “40-9 Je o4 


1 =| dotted 99 
4°74 ‘ * 


/f The univ SQuARE /S of convenent $1z@ 


ite, 


show the AREAscALE by sralrcating 
he grea of a conventent rectangle 


lf The cvrve rvns bhehw the x- 
axis the 1nlegral [ydx 


a b la yields the neg 
ative of the achva/ 
sure area: Tir, on page 

ae 108, 47 The proof — 


the altitude will not be t&X), which is 
negative, vi -t®), which 1s poss ire. 


Lrample: Find the aclval area 
Lovnded by The curve Wyax-d)=C-2a)(aan, 
The x-axis, Gd The verhials af xa 
Ghd Qi x= 3a : A 
Sov ern 
Flor _ (x-2a)(3a-x) 
Ro a 10(2X~Q) 


a 
A, = . Mf Ax 
A, = + [hy ax —Z, S a'a'ee 
ly ax= fxs er 42. ~B a) ax 
= 26 [~2x% +18 ax ~ 15 a*Zog(2x-a)\ 
e7t., efe., and finally 
A,+ A,= 056a +,.004da = 2060 Qr 


vit 
K-1 find she area under the parabola 
y= 2px, trom fhe origin fb the ve 
Heal o, K=18p. Ars [Ap sg, urns 


ITA Find the aréa of ore arch of 
7a the srevsord: 

| Se PEI Ait) i 

A$, 2 SY vruirs 


K- 3 find the ahi area belweer7 

Whe, parabtla, Y=x-8x+12,, The oe 

OXI, GIA verlicals ak x=! ‘ond X= 
AIS. az + 1(0$+247 =40 SY, 071/73, 


K-4 wr as! We ated belyeery the curve 
= 2x5 the y- @AIS, af he for/zuyi- 
lols af y=2 ond y=4. 

Alts.” 2.2797 sa vats. 


K~ ine Fira’ oe oo under The égvtlar- 
tbh fy Wet bO1G 7 =, 

i ae verT1 4 ane 
td ef io The verficals 
WhOSE Comm ale /§ KX. 


A ys. [dog ani 59. iyi 
K-6 find the aci val Qt€@a aC/osCe 


owq®e 
4 
@¢<-t? 
ac’ g 
e oe 
. 
of 


ll2 


by the curve, y=«+ (x2), the x-axss, 
and the line z«=/l, 
Ans. 4346 59. units, 


K-7 Find the area under the curve, 
eh eee 
-g[et+ of 


Pa at” 
from x=0 to x=a Ans. aes or ite 


K-8 Find the area included between 
CWre porakeias . whose salah are 
y* ae «Yer 2 and =8 

Ans, Zils S49. ue 


K-9 By pels geatiatsn nelly this formula, 
J{@-2? éx= a K* + a are stn z 


Then find the area of 
the quarter of the 


CIRCLE: 27+ 4% = @? 
whith lres in the first 
guadrant, 


K-10 Find the area between the pa- 
rabola, H=(y-x-3)° the 
~-axI8, and the line %= g. 
| Answers. 854 or 4974, 


3 


K-l! Find the area hefween the eurve, 
H+ty=Va, and the two 
coordinate axes, 

Ans, ¢a@ sq. units, 


K-l2 verity: Jcos?8d8 = 4(0 + sin®-cos®) 
then calculate the 
qrea of ene arch 
of the cycloid whose 
parameter eguations 
are: t= a(8—sin®g) 

i = a(! —cos 6) 

Ans, 37a’? 

Nore, The area of the GENERATING CIRCLE=1a@° 


K-13. Get a@ pair of parameter egua- 
Hrons for a circle, by express— 
ing x and y tn terms aE. 
Using these, work eut the 
area-cf the cire/e, 


K-i4 Find the area between the curve 
wy=logx, the x-axis, and the Ines 
mes GI =< C=2.718.. Ans. One UNIT, 


K-15 Show that the entre area of the 
curve il Oa). 18 ae a units, 


| |4 
INTERPRETATION OF SLOPES AND AREAS. 


The Problem Se/s D, G, andl have sug- 
ested ow varieus are the Cases th 
which physica/ sc/ence 13 concerned 
with quantities whose derivatives or 
integrals have some important phys- 
feal meaning. | 


The second method noted on page 3 18 
offen the most practicable way of re- 
presenting a function defined by physic- 
al phenomena In representing a func 
tron graphiealiy, the horizontal eoardinate 
(is used for the Time or for the varigble 
UNDER CONTROL—/he INDEPENDENT variable: 
fhe dependent variable, or functionis — 
plotted as the vertical coordinate, On 
the axes of such a djagram tt ts 
necessary fo note on each one fol 
ofiiy the numerical scale hut also the 
UNITS employed. | 
Such a diagram represents directly 
the values of the function; and jn 
many cases the score of the graph 
and the AREA unaer if represent 
related physical, quantities, 


HS 


For example: on a FoRCE-DIsTaNncE d/a- 
ram, the graph shows 
directly how the force jp. 
varies as distance /s 
passed over, Now 1h any 4 Ff, 
Case where F remains constant as D 
varies, the Lichen distance work relation Is 


Fx AD = AW dS cy ee a 
if the force yaries mAW Lhd 
use the relation it ¥ ft ibs, | iF 
[ AverageF |(AD x=AW : FE — 
From which follows the djtference quotient 
AW 


asa AVERAGE FORCE 


Then make the (nterval AD 
smaller so that AD=O and Fe 
we have Ava. Force = Exact Force at 
the oly toward WEN AD is shrinking. 


Fo. [Ava. Fj = a Ae im gad 
we have then these two smpeortant 
exact re/@a@fions in case ot variable force 
p= oes Un Sn eee 
Hence: on @ WORK-DISTANCE DIAGRAM 
FORCE is represented by SLOPE 
ara 0 @ FORCE-DISTANCE DIAGRAM 
work Is represented by AREA, 


lio 

|n general a relation of the fype 
AY 20 ee ag 

which is exact when Ris con- 

stant, leads, hy reasoning like the 

preceding, in case “of variabiewr 


to these two EXACT EQUATIONS: 
aS 


Since many functions must be used 
for which ‘no formula can be found, 
these relations are of great var 
ue in that they give GRAPHICAL 
means (the measurement of slopes and 
areas) of finding derivatives or tn- 
fegrals of any function whose graph 
Cure we DU” OF papery 


SLOPE nay be measured graphicar 
by drawing a tangent ; 
and dividing fhe rise of 
a segment by its run, 


AREA may be measured graph 
by means of a planimeter, 
by counting “squares, by 
Simpson's Rule, and hy 
Varfous ofher rules. 
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K-Ib The force necessary to compress a 
Bering (S 2(7-x)/bs., *% Inches being 
its length, variable during compression. 
Make Gq FORCE-DISTANCE DIAGRAM and 
find the work DONE graphically, 

Ans. /4 inch /bs, 


K-!I7 Draw as accurately as you can free-hand, 
thé HEIGHT-TIME DIAGRAM of @ batted bali, 
Knowing that its horizontal motion 18 untform. 
From this dragram find the vertical component 
of tts speed at a point half-way up, Ir 
dicale all data necessary and alt upils 
used carefully orf the Magram. 


K-18 Inferpret sLoPE on a Otagram 
where represenfs WwoRK DONE and 
* represents time, Give the reasoning. 


K-19 Interpret AREA or a diagram 
where x represents TIME and 
represents RATE OF Flow, Give reasoning. 


K-20 On @ PRESSURE-VOLUME DIAGRAM, 
AREA represents work, Boyles Law 
18 FxV=Const, Show that the worr- 
voLuME formula inrolves log, V. 


18 
SCALAR SLOPES AND AREAS 


Many of the guanttes vsedsn Physi- 
cal sctence are ScALARS, that 1s 
guantities which can be represented 
along G@ TWO-WAY SCALE like thal of a 
therm ometer; ‘a eertain va/ue hein 
designated @s fhe zERO, the others 
are designated as + or — aqecord- 
ing to the way in which they dftfer 
froty the Zero. TIME, TEMPERATURE, Gnd 
Work FURNISHED (the negative 18 Work Con- 
sumed), SLOPE, ALTITVOE,,.., 47€ SCALARS, 
Yeclors, like drstance, farce, speed, ac- 
celeration.., May be considered as 
Scalars wher only ONE DIRECTION and 
its opposite are to be Considered, 

Some guantities, density, specific 
gravity, absolute /EMPj,..,are pure 
humbers, being never agsocs/ated with 
@ direction er with a+ er- $19n, 


SLOPE is Scatar, being defined as 


SY = @ 
Loi = #& 
for*Ay may be — when Ax 
is + and so make 3% -. 
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AREA 1s SCALAR, being defined as 


b | 
Sa f(x) dx 
since tt 1s — if the graph 
1s below fhe axis from atob | UU 


SLOPE and Area are, then, so defin- 
ed as to well represent physical scalars 


A FORCE-DISTANCE DIAGRAM with a graph 
dipping below results 

from a case thn whith , 
the working foree ig | sy 
overcome and reversed by the fre- 
sistances, or springs, So that work is 
being UNDONE from hb fo c. The tatal 
work that ig DONE and STAYS DONE 1s 
ACTUAL AREA, A/0b—~-ACTUAL AREA, bitoc 


4 (cr. ax - [negative of [CF. ax] 
eff: afin “= ig lyic abl Bag 


te { F. dz 
Hence the DEFINITE integral from ato c 
fakes proper accountof signs and 
gives appropriate mearing to scalav @rea. 


BVve 


rag 


Account for all negattye results tn fhis seh 


K-21 S=F+A ts an egualion between forces 
measured in pounds, xis in Fk pz ei 
Sx= 5000, A=Yoo. Calculate —rO=t4 

the work done by F th reducing rea: 
tirom lft. to Oinches, Ans — 3015. tkibs 


K-22 Alde-mill pond contains 200,00, cu. 
Ff, of water at noon. A gate is then 
opened ean the seq alt therale 
of floeo cos (22+ $)rad.) cu, Fl. per 
hour, #¥ sey the number of hours 
affer noon, ow full is the pond at 


g PM.? Ans. (97 0006. Cuan. 


K-23 The force necessary to Thrust 
a 40 Ph pile down into the 
water ss (4 *- 3.2) fons, 
How much work is reguired ~-.-7 If 
for yust submerging the en- '- 4UJ} 
tire pile. ANS 748 FE fons, 28 RS 


& se 


K-24 /nterpret AREA on @ DENSITY- 
VOLUME DIAGRAM, 


K-25 The upper end ofa long spring is 


21 


worked hy hand so as to give @ ball 
attatched +o fhe /ower end a yer- 
tyeal acceleration, which varies 
So a8 to be (-32.+606 sinam® | 

In. p, Sec.p.sec. upward at the *' 
Mee of t seconds, Al: ‘the «| 
Chd of one second is fhe 

Dall above or below ss sharting point 
and how tar? Ans. 32 rn. below 


K-26 Interpret sLoP= on aq. SPACE- 


K-27 /nlerpret SLOPE and AREA 
On G@ SPEED-TIME DIAGRAM. 


K-28 Interpret a negative AREA 
Of dk ACCELERATICN~-TIME DIAGRAM, 


K~29 /rlerpret SLopE and AREA 
on This diagram, where s 

fhe horizontal represents = ~ 
a temperature and the 

eorres ponding yertica/ @ speerfic heat 


K-30 Find the value of Jo Vor dx 
6y the help of a diagram, 
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THE LAW OF THE MEAN 


The statement is made on page /08° 
that there 18 a po/snt | 
on the curve FQ through 
which Can be drawn 
@ horfzontal Hine by be 
which the area PQba /s SQUARED OFF 
into an EauivAtent rectang/e, 

The altitude of this point molhplied 
by the base, ab, gives the area of the 
figure Paab, This altitudeis therefore 
called the Qverage or MEAN altitude of 
the curve from Ptoe The statement re- 
ferred fo ahove may now be pu srto 
this form: 

One of the values of an oltitede: 
as it varres continuously in an 
interval fs the mean value of the 
altitude for thak tnterval, 


ao Th 


Again: if Q céentinucus curve runs 
from P to Q without | es | 
Sh arp corners, there 
fs a polnt on the ag 
men? Pa ak which 4 
a tangent Can” be ! 


lao 


drawn that 1s paralsfel to the chord PQ, 
The slope of this chord js the total net 
rise from F fe @ divided by the run, and 
jis slope 1s the average or MEAN Slope of 
the curve from P fo @. The second stak- 
ment may hew be pul into /his form: 
One of the values of @ s/ope as 
{F yarltes Continuausly th an snter- 
val 1s the mean value cf the Stope 
for that interval. 


These lwo statements are AXIOMATIC, - They 
are summed up in fhis single, general 
Axiom, called fhe LAw OF THE MEAN; 


One of the values of a FUNCTION as 
if var(es continueusly in an inter- 
val (s hhe MEAN value of the fune- 
tion for that interval. | 


Regarding (he diagrams as graphs of 
the function F(x), leads to these two 
forms of the law of the mean; 

b b 
Infegra/ form: a ft%) ax = Tom], = between 


berivative form: F( b)-fta) = (b-a)f tm) ¥ ae 
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TAYLOR'S EXPANSION 


Take any two numbers, and their Sum 
2 2. FP) =. Ga 

any continuoys function t¢x), and its deriv 

ahves, ft, f(4); write down this equation nR 

fts)+ Pfs +#Pfts)+ EPR —- fta)= 0 

ahd consicer tt solved for Rin terms of s,Ba. 


Using Mis value of R, the functions fa, fea, Fig 
ahd the number a, form this new function; 
p(n= T(x) + (G-x) hl + £(G-x)* F(x) + 
ty (a-x)?R — f(a), 

The equation akhove Shows fhaF when # has 
fhe valde x=S, this new funstionds. egual . 
fozero, tt is zero when x=G also, OriFe 
ferentiating the new function with respect to x: 
pe) = f(x) + -x) Po + E (G-x)? ihn! 

- f'¢x) ~(G-x) f"'Cx) 

- pp (a-xy R-o. 
=a (G-af [f'" (24) - RF J. 


By the Law or THE MEAN, we may write 
P(G)-Pis)= PQIm, GMes_ 
Substitutthg values sust eblained for these: 
0 — oc =P ff le-m?[f'(m-R] | 
Solve this for qa new form of the value of RP. 


|25 
R=f"(m) Gtmz § 
Substitute this in the original eguatron, 
transpose the last term, and obtain: 


F(G) = t(s) + pf (s) — is Pf (s) ++ pP?f"(m), 


which 1s the TAYLOR's FORMULA FOR EXPANSION. 
GIS AhY GIVEN humber, $18 @ number [6 be 
SUBSTITUTED Into fc) and {rs derivatives: P(=G-S) 
is the number whose POWERS appear 17 the 
expansion, fhe value of in is unknewn except 
that it is hetweene ands. m is called the in- 
TERMEDIATE ARGUMENT, and the term tn which 
th appears is called thé REMAINDER TERM, 


This expansion 1s useful th Cases where 
I The REMAINDER is Comparatively small, 
I The REMAINDER Cah be closely computed, 
Case 1 arises if G,$, and ft) are such thot 
| — P= Q@-s, 1S smal 
— the factor containing (mjis small 
- the factorial Aiviger reduces Me 
size of the remainaer sufficiently 
Case IL arises when the factor containing (m) 
has yalues near enough alike 
whether its argument /s Gor § or 
any number bekhween Gand s, 


(2b 


TAYLOR'S EXPANSION may be extended fo any 
desired number of terms: 


PG) = O(S)+ P @s) + = P*p"(s) + os 
+ in P’@'s) + et PDN *tm) 


The proof follows the Same course as when 
the Fremainder is written afler three terms, 


The sign ~~ 18 used to indicate an 
APPROKIMATE EQUALITY 
Incasest andi, pageiz25, we may write; 
PG) Ps) +P O'S) +- +7 P” ONS), 


Example: Expand tog |0$ in powers of £ 
Solutron. x | | 
We hare azl0z, Pzt , S#G-P= 10 
fur ..wer) = bog %. Then @(s) =|, | 
p'(x) =. Log ©, (see pages 85 ¥87) 
= 434294... x Get ps) 
p(X) = 434294... (- K*) Get o'(s) 
P'"(4) =.434294.. (+2«°) Gel Q'S) 
(x) = 4342946. (-6x4°4) = @p"m=7. 
Of all z's from io fo log, x=10 makes P(X) 
grealesh, x 24,10. Henee the remainder aftet 
the Pp? Ferm dees not exceed 10°’ Then 
Log 10h =1+,434294..[20~ Soot Z4000 + REM. 
1+, 434294.. [.05-,00125+,000 o4}=1.0211q 


va tt 
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By an examination of the remainder the close- 
ness of the qpproximation can be ascertained 


Example: Calculate sin 3\° from Hhe vajue of 
Stn 30; expanding fo the 2" power term, 
Solution: first note that the expansion pro- 
cess invelves differentiahon and durin 
this part of the work use radians. (See pages?) 
We have $="%=. 5236, P= $25 =.01745; 
Puf @(4)= stn x, so then P(s) =.5 
P(X) = cos x, p(s) = .6b60 
p(x) =-sin x, @'(s) = —.5 
Pp" (x) =-cos x, and | g'(m) /'s between 
~cos 30°and —Cos 31” thal is ~8bb0 and -8b4b 
writing aul the expansion with remainder: 
Pain 3i* = .5 
| + (01745) x e660 
+4 (. O17 4 5)? x{~ 5) 
#75 (6019745)? « @''(m) 
= 6.51 303 80 — REMAINDER TERM, 
and this remainder term is tess than 
j(.01945)*%*.8bbo or .00 eo O77 


radians 


-L-t Expand cos(A+P) to the Fermin p§ 


L-2 Calculate Log. (l.oz) from log. |, using ex 
pansion to 5” power, Estimate the remainder, 
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L-3 Expand fanx"** from the term tano 
Jo the term ir xt 


4 Emply Taylors formula Jo expand 
(AtXP in powers of x. 


LS Expand x~ 2% u7 powers of (X-1), 
L-6 Expand €* 7 powers of x. 


L-7 £xoqnd log COSK , YSING S20 
L109 1b Ger Two nor-varishia 9 Tertas. 


\-8 Stow shat he BINOMIAL THEOREM /S 4 
peclal case of Jayfors Expansior, develop- 
it7g (a+b)” in powers oP b. a 


L-9 Ascerfain, by teans of a Jayfors expan. 
Slo, Whether (R= sin2) 13 tore or less 
Thar (+6) when *% /3 near zero. 


L-10 Cornpare (C*- 6") and a(l- cos ax 
when X= \0"" by expanding mn powers ofn 


Il) Aow acevrately can V(&2.08 be toend 
Ly means OF G1 EADARS/O1 Ih powers O7 > 
trom ©° To The. erm in CYP? | 


| es. 
L-12 EX001 Se & radian) Slarling wilh 


€ lérm  sec(0) and Carrying The ex- 
PG2S100 1b @ Kermaphder Term py Yolying 
The Yiyrd power of +. 


L113 Aor closely car see(.1) be calew lat 
GQ trom the Api stor7 oblmed in 1-|9.? 


L4 Stow Mat the expansion of te 
1) powers of x by Jaylor’s torrnola rs 
Wdeniical with at obFaped Ly W113107 
L-15 Lipand € ays powers of x, 


L-l6 Lyooy foe lYPEr expressions in The 
ernply j A lop THs epareniyhy. 

F(X +AK) = F(X) + Aa) eel] th ic 
ET Seend e°° 7?” In powers oF Xx. 


[-18 It ® = X+th%, bow is ® Lin j fed Sf 
P(X) = PH) + Ax: pCR). 


L-19 Lypand 27 17 powers of (X-K). 
L-20 Ligand C (KS Yo remainder In Ke, 
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TAYLORS FoRMULA EXTENDED 


Taylors formula for expansion can be ex- 
Ended 70 tunciions of sertral variables. — 
ln place of fhé polar 6as+e sf wil 
rio be more convenient [0 vse this noji/iin: 
XEX+AN, G2uytay, .  eF6, 
Ghd Ih? INTERMEDIATE. ARGUMENT, m, (see 
page \25) will be wrillen: 2, G, e7é, 
ME KZ Ky 42XG2G, 0. CFE. 


by he Law of he Meas: 
/ f(%) = YK +Aax- fetch) 
where the expression 

oy ae 
means: "chitterentiate. FC wilh respect 6 
x, Then replace x by %" ih shorT “F'CRY, 

e fC) nolation ches not serve /? There 

are several arguments (INDEP. VARIABLES) 
as 17 does pol indicale which one pro- 
duces The increment (see page \8, steps 
1 and &) trom whith the derivahve comes 
Ernploy, thererore, , is pew syinbt!? 

D 


4 


The wndeoenderd and One variable, | 
called Mme Parviac Denwative wilh re- 


Re 3 | 
Jo mean: dittrenialé & ), regaral fg % as 
ie 
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specl fox. She 9 (around delta’) is 
reserved ror majcaing parita/ derivatives 


Q(K,U,Z) may be regarded as a fturnchon 
of %& alone For purposes of comparison 
With P(%,G,Z), ond so we fave: 


OUR, 9, Z) = AKG, Z)+A%-2. O£8.G,2) 
by lhe same tind of reesonin ge we fave: 
O(K, 7,2) = PUK Y,2) + Ay S p(y, h3) 

P(K,Y,Z) =P(KY, Z) + AZ3% PKG 2) 
Combining these by SUbST: Wvlian, we fave 

CK 5 4,Z) ai P (KY, Zz) + 

SORA AGS PChZ) +42 2 OlKy2) 
Mriiing ~@ tor O(%y,2) end Ae “for 


LPCX,G2)- C664,2)1 we hare This ap- 
Promination Ax, Ay, Az are srnall: 


Ap = $2 ax + se 4y + 22 Az. 
ci wae 
L211 Jy (K-2.0y) =? | -24 Very an 
L-22 soVaFee =? be25 zy Sin(t4y) =? 
L-23 Fr sing =? bee & [HH =z. 
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APPROXIMATION FORMULAS 


4 ine Objiiln an a Fans rox/manor vor 
he SVUUTC O lhe cosine of an 
oe. oe “he ne‘ghborhood ef 60° 
Solv tion : 
re fadjans at rirst (. see page 87) 
Por FOR = 00s." CC radians) 
F(B+e)&% FCM +e FH) 
= cot & —E2 sin & cas£. 
= 25 —-B660€ 
Sywice §°= (2 § +180) radlays, [? §= 64 
we must put &= 187180, and we hare 
Cos*(60°+5°) = .as — 8660 (18+ 180) - 
25 —.01558 


IR “a 


L-27 Obtain on AF. tor the reciprocal of 
a nernber iit o napviborhood of ZB&. 


L-28 if l= ~= ger on AF. for l when 
rs Hey Pie ech ake BCS nearly 180. 


L249 Ob7aim an AF. for the area of a rae 
In which a&\2in., b& Tin, angleC= Fo. — 


L-30 Work ovt an AF. for log sin % when 
Whe Abe 1s nearly a right angle. 
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SMALL CORRECTIONS 


ln Fhysies we sometimes fave given be- 
“de the jormvle fer a quantity a cer- 
Jain stl of staAnvarn conditions and 
valves. ny offer set of valves 7s con. 
Sidlered Jo be 90% Ly atldinmg CoRREc- 
TIONS 7% The. sloncdard valves, When the 
correciions are relatively sraal tt 18 nor 
convemenT 7o calevlaté trom fhe orrgnal 
tormvla, bel rather tom an GLPT Ox - 
Natio rorrnvla consisting of fhe stand. 
ard valve with an added frm ty 
Lach correcioy. 


fr eromple: V=N.oi41P Cl 4+ as )2C, 


@ sound-tpeed tormula, The nolation being: 
VARIABLE UNITS, QUANTITY} VALUE, STANDARD COND 
Vinelers p. sec, Soeed of Sound V= 332.3 
P dynes p.5¢. cit, Atinesph,FFess., P= 1, ot 2,630. 
% degrees Ch lermperavore, t=0. 

C QMS. 2. Cv. cri, Density of AU; =.00 12.93 


The parhol derivalives of V (or any toretin 
consysling of taclors are most ney cal 
evlated by se/iting yp loa V, diterenhalng, 
Ona Then mis “plying by V. 
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LogV=4LLogso141 +log P+ log! tax) -Log C] 


vob tReet | biz 


The AF. for @ correcléd yalve of Vis (p.1al) | 
WEAVE V+ Sp AP + SE At + Bac 


Calevlale the coetHerenky oy ; oy $e WAS 
ee We slandard valves and svbstifv7e: 
+A Y= 332.345.0001 60AP +.608At ~1280004c. 


L-3! Ger T= At iF. for a seconds pendulum 
under Slankard condijiris T= sec., t= 
99.29 cm, G=98Ocm, per sec, per sec. What 
correct }ions mvs? be added feT=2 

i) case of Stall corrections AU and Lg? 


, Pp 
[32 Given N= a, Get @ Tormela for 
N+AN, the standard Sef of valves be- 
ING N=. 0002, P-l=f=1, and €=6000, 


L323 Given Q= tht and @=[4 when x=2 
=3, 004 Z.=6.. Waal correclions must 

Le added 7 Q='4 Jo Jake accamnr 

of correctons 401 70x, +02 Joy, and +,04 4622 
Ayns, te-ol. +f+0b $04 Gy ~ 00042 
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Apséture ERRORS 


Colevlalions based upon measvre ment? 
are Mable Yo. errors arising tom the 
yi possibiliy: of measvring with absolute 
acevymacy, The ettecl of @ stall error ina 
measurement! upon the calevlaled result rap 
be judged from an approximation torrnula 


Tf P(KY,D 1s The guaniijy we wish 7s caf 
cvidie, Lol The measwemen > of X,9,Z 
give resvlTs Too srnal/ by the uonkriwen 
(O0bNTS Ax, AY, Az, What we really 
tan calevlale "1s not Q(4G,2) Dol HK 42 
Which 13 700 stnall by an aroun 


Ap 322ax + $Zay +32az — 


She magnitvde of the Errors, AX AY, «. 
ele, depends upon the Least count of The 
neasvring taslrvments, Thus 1? x S=80¢ 

theasvred wilh a mejer sijch, AK can hard 
ly be rnore Than st cm; the atwisions onthe 
provracior vsed tor 8 sugges! The eshi- 

Mnile for 48: efe, The ahove Formula 
BSsigrs The absdle crop Le, 7o 178 seoa- 
(Glé S0vrces, and enables vs 76 corngure 
the et feds of the several dala-errors. 
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Exgmple: The heaght of P above B is 
— Calevlaled from the formula 
. k= UCl-cos® 
las certamnty correct 7o lan, 
ond © fo I’. How apoor fe ~~: 
if 1=107.21 em, G=245 ? 
Soliton: — | 

Ak & At(l-cos®) + AG-Usind 

, = AlL«.0888 + 40*44.2 
We have AL<.| 3 AO <.0174 radians =I") 

% AR < 008 +.77 Or 978m. 

Observe that @ much vovgh’ meas- 
urement of V_ ntghl have been tnade, 
syne Al conit bvlés comparatively Hite 
lo the absivlé error of the result Ab. 


by v-* 


L-34 Compare Ihe er+fecds pon E= sg 
of errors in the dala (f w= 2 poundals 
r= 1041 per sec., ana g=32. ft per se per 
Sec., Nd AW<l, AUKZ., GK A 


L-35 ow seriovsly does a srnall error 
/n neasyring jhe tameltr of a sphere 
athect 178 calcvlaléd rolvr7e ? 


L-36 Discuss The comparative effect off 


Errors /n ® 1, ye le 23, pon xg ez. 
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L-37 /’qus cakvlated trom Teanyy, , 
ond We Toke n=*%2 ,1l=l00cm, and 
T=2, the errors beng AN<.001 , AIZ.), 
AT<.61, what 1s The extreme possible 
error (pn g? © | Ans, Ile 


L-38 we wish 16 delermmne hz 77 
jn-a case where T#.0l cm, OX 68°. 

f= .01¢n1, N=\47, ana g 4480 C771. 2, Sec. 
p, Sec., whith of these qvuaniies should 
Le mensured 170s acevrarely 7 


L-39 Gwen E=tmu® And E by the 
correction ntihtd wher m= |.oo1 grams 
and v- = 2.001 cm. per sé. 


1-40 Colevlale h +f m=3 melers (ittin 
$em.), l= lo em withir bet, p 


1 C171), arid H=l52cm 4 ‘hoe 3h 
(within 020m); anda") _% 


compare the effec[s "K--™--- 
ot the er CTS LE H,m,l, onh., (Optica/ lever) 


L-4| Show hal for wo numbers nearly 
e¢val, Pand Q, the geuneire mean PQ, 
1S nearly egval 70 The aprthmel*® 
mean, =1P+Q1. (Oovble weghing). 
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RELATIVE ERRoRS 


/f Ao vs he, obsolvié error in ®, as 1S 

Wh€ RELATIVE (or FRACTIONAL) error, ard 

100 42% vs the PERCENTAGE.of error. The 
forme la Lyme UG, Je abso (ufe errors: 
 Ap= HF Ax +3Pay + 32 ee 

is readily converted inte a Formula 

conneching the rélalive errors: 


SF = EPL iy ee. 


The cormpormiwve serivsnes of lhe rélaive. 


errors 1s judged tom the magnitude of 


1¢/r coerfitienTts, Z2F ere. Observe 
that BSE 1s easily ra 


lf the functor, Q, 1S a ke AT of 0w- 
ers The comparison of he effects of 
¢ relgive ertars 13 very Castly made 


For If. ©= - 7% yz 


log @ y=, Logn +p logy te log zt 
dX va 


xx logp = @ , The exponent 07x. 


X 
The relaiive error ot each Facir /SJMEN | 


nilliphed by The exponent of thal raclir, 
Vi high -DoWer geaniiies shovld ThereTore 


be MEAS tA WHR greales? relglwe ACCUIACLY, 


ond From k sxloge : 


139 
£42 In calevlding $=+9t, when t*5 see 
ond G=32.2 1. p.5.p8.5 will an error of 
1 set. nt, or a I% error ing be mre 
serious /p ifs effect upon $7 


L-43 Uy the shidewire bridge (see Elb, page 
mox: i! Q:e-a, and 0 bern 
conslan’s. Find the perceniage of error 

Jn x ave 10 a syna// error IA a. 


L-44 /n @ Tangent oalranomeler rhe cor- 
in %y ns EGS CEO tn has : vs 
6 the jangen? of rhe angle x : 

Find the percentage of error in 
Ihe corren! ave 76 @ synall error th reading x 


L-45 &y meas of a F Ai geaed the ra- 
lis of a sohere is tound -_P 
trom these dala: Three 
puis on the surface, AB 
C, form an eqgilaleral L, 
s(de = Scm, PM, peroend ic 
vlar 1 18 plane at /T3 cen- 
len ~%4Acm. Cet an exacl formula Tor 
The radivs, 0 P Gnd an Qporoxymnalior 7or- 
mvla tor the errors, and svdqge which 
at The dala shoud be mos? acevrale 
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INTEGRATION AS SUMMATION 


Ly fhe DEFINITION given or: page 103", 
LP £0x) x= F(b)- Fla) where Fix)= [fxydx 
[? foltaws that, a 
f°? faydx + Jo fa dx = fa $09 dx 


[tthe rance of valvesa 1h, be oinded yp 
into nr, parls, of ony sizes, by a sel ofqum. 
_ Gm M2 mag On b — LOLI! A; Ay, Byun Qs By 


mesrerrer we We must have: 


b a, bd 
[ foad=F6n) f. dyetim) | aly ++ +f long) Ja, On 
=£(m) AX, +fim,) AX%_ +++ 44Gn,) AX, 


or,vsing The ¢ orypac7 Summation NOTATION; — 
b on 
Ik +(x) dx=) FGm JAX; 


Consider now the sum Zn F(t) AK: 
whith differs trom the otber “only "in 
thal x,, stead of being the coordinde 
O17 @ SQUARING OFF por as Mm; /s, (See P. 


% 4 
108) 1s any valve whalever in The lervalAX, 
If the tunction Is represerléd grape 4 lds 
Jem in esther sun can be pepresenftd by the 
area of @ recdanye slandrg on she sorre- 
sponding AX, whose vyoperend Toecfesthe grup 


of Kx. She sume 
[Lhe 


_f of these sels of \j 
a m3 bp guile Aterenl, Li \ 
/ 


rectangles nay be || 

ie Gn. Me SiG 
? the netmber of paris nib whi ch the 
(ANGE, b-.a, 1s AWded 1s meveased wihou 
hinit in such away that all the Ax -mler 
vals agoroach zero, then will ne nt 
of ether sum be the AREA UNDER THE 
CURVE, 45 Was ShoWA Of PUG \04, SUch 
qn area ws exoressible as a aetinile 
lnlegral. fence (he Lint of sech a Sum 
as Whe. second may be calew/aléd Lymems 
of a detinite miégral. § Symbolizing: 


mit Sb on 
apinit ar. fn Ax = 3 texdx 


The yse of the [-s19n, (a long-8, initial 
of the word Sum), for the slon oe? in- 
Jegalion originaled ry the property _josT 
ro sayh Jo belong 7 he definite rr 
egra!. 
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SUMMATION PROBLEMS 


Liample: Fit the reritcal cornponent of 
-WMraclon on a3 on sht? of a verlicd 
10 cf7.,1§0 9. wire, whose lower end Is 
20.¢em. trom the shot and level with 17. 
Given that gravitational attractive forcein 
dynes (s 65*-%x produc? of The masses 
I) Grains 89. of Ther Aisle 1 err, 
So/vion:. Consider [he wire adivided rrfo 
| short lenglhs, #/ 1207.2 The 

i heighT of any punt in the wire. 

7 watt. The mass of a chonk 1s S&x« i50 
ms is atracive force on Ihe. shor is 


65x 04x AX 150 x 3 —|N400+ x] 


dynes, the x beng the coordinalé oF 
That won! the tnlerval AX Soward 
Which the atlrachon exerléd by the chunk 
QS 2 He Py ig a Re 
— Me/Tipl, 1S ly The vEesolv!n9 COS/HE 
YA 4: fa0ore a ne 

To gel The omougt cniribeuled by thie 
chunk Toward The ola! verticar force 
exerled upon the shor by s~he wire. 
Then rnake a svimmation for all. 
the.chonts; the lolal vertial component is 


Gh 
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sp Bsa ~4 150 3, KA 
Abty Dns 0 [ODxIO # Te-78 (400 + %)¥ 
Compuil this by means of the detinie lnlégrd: 
° 292.5 x 10-97 Lee 
Jo 24 (400 + 2°) 7 
= = va 10 
= 2925 «10 ae +e J, 


= (155 x j07'° Ay Hes. 


M-1 Ver'ty this Jormv/a : 
| f@+xn)*aa=a*% (a+ vy 
Then calevlalé Thé WORIZONTAL compo- 
nent of alltaciton th the cumple above 
ALS. 654% 10- ynes. 


M-2 /f fhe density of @a solviion rs 
[= (1+ he percv.cm. al a deplh 
of x cm. below ne sorfuce, tind by 2 
svinimanon process The pass tn @ far oF 
Cr0sS-SECHion 1§ Sp.crm., \Ocrn. deep, 

| Ans. ©35. grans 
M-3  Jolve M-1 /f fhe wire's density 
varles. Arechly min the height Firs 
calcvlaling thé gages faclor. 

— Ans. 3, ons. and cins., O18x\0" dynes. 
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M-4 The weight, in fons per running foot, of a 


fnasonry arch ‘S$ 7 <-> ~ 7 ~80'~-~ ==> 
(3+ a5) tons _ 

x Pi From the hey- 
Sfone, Find fhe 
fotal weight of masonry. Dimensions on Figure 
Ans, 94 hundred Tens. | 


M-5 The work im ft. los, done in rarsing 
the bricks for awall equals the sum of 
[he products of the weight of each 

brick multiphed by the distance jfis raised, 

units being fbs.and {i lf a cubee foot of brick — 
weighs 2001bs and each brick has to be raked 
from the ground, tind the tolal werk Gone m — 
raring brick te carry a wall wel, lang 
and ¢ft thick te a height of So Ft. 

Ars, lo’ ft. Ibs, 


M-b Verify: J sin?o dO=4 0-4 sun 28+A 
Then find how much energy (= work done) 
is transferred in one second, beginning al 
b=0, by an alternating current, for which 
T= 5.sin(202"**) amperes, and E=|10. stn 
(20t"%*) volts, t being in seconds, Given that 
I amperes at E volts do Ed-AT joules of 
work in At seconds, Ans, 270 joules, 


45 
M-~7 The density of a rod yvarjes from point 
to point so that ata disk +*#-----1----> 
x cm.from one end i is CLERC 
[x?+ (t-2)*]= 100 | 
grams p.cucm, Calculate its mass, tts 
length, t, being &cm, its cross-section being 
one sq.cm, Ans. 8S grams, 


M-8 The weight of a beam being 34Ibs, 
per running inch, what 
‘3s fhe moment about 
the point P of the werght 
of the projecting Jo Feet. 7 
of sucha beam, one end of which Js 
built Firmly into awall, 
Ans. &loo lbs. Ft, 


M-9 KinefticEnergy in gram-cenhmeters 1s 
egual to (Mass in grams «(Speed in em, per 
sec. ¥ Calculate the tinetic energy of arod, 
1200 gms, mass, locm.jong, whenitt 1s 
whirling about one ero at the rate of 
3 revolutions per see, 45 x10.gm. om, 


M-10 Interpret J[ gkVam, physically, 1h x — 
measures distance, t measures time, and 
m measures mass, Assign suitable units 


4b 
| SUMMATION ELEMENTS 


In the summation-timit 
J. ae 3 
Ax=0 L=Q FCK) Ax 
one of Ihe single ferms in the sum, 
F(x}):;4x, fs called a SUMMATION ELEMENT. 


When the desired summation element can not 
be found exactly, it 1s possible, without any 
loss of accuracy whatever, fo use an appror- 
imation for it that differs from it by fhigh- 
er powers of the increment involved dbx, 
For th furax is such an approximation: 
Fruyax = Fxapax+ 9(x), (Ax)? 
and the summation limit aoeve eguals 


pdigd ftdsx + Abieg DA PLE) ARK | 
The argument on page 141 shows that such 
a limit ts unaltered by suppestng all cf the 
Ax's to be equal. In that case the second 
summatton limit can be transformed thus: 


actor) Y axe [[4=-2 coax 
(by page) = ={[ax|x [LY 9 axl 
| =O mD p(k) dx ZERO. 
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This sano /s, fherefore, soe ae true; 


>. FeAx. = on a gi KhAx 


In pnerther of these Giistide danih dees 
lhe eguatity of the Ax’s make any dt ff er- 
ence so that supposition can now be dropped 


The relatian between these two sums isa 
simple one fo show graphically, The Functions 
Fi and hx) differ only by terms imn- 
ar xs and sowhen Ax's+o, the curve 
&  waendid pach the curve y= FX 


As each sum represents the area of a set 
of rectangles whose upper ends fouch the 
corresponain 1g curve, (he Summation-Limits 
In each case represent the area unoer 
Ihe same curve, the limit-curve, y=FW. 


Example; Find the area of the curve 

whose equation In polar coordinates ts 
Pr={5 Stn (29radians) inches 

Solution: 

Plot the curve to a convenient scale: 
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Tare as elements fan- 
shaped pieces. Calif fhe 
angke of each prece AB. 
Compare any prece with 
fhe mscribed and the 
circumscribed sectors, 

Its qreq is tnkerme- 
ciate helween these sectors' areas: 


tr-rAdb and +t(r+Ar)(r+aArjae a 


r=5stn 29 © 


» 


That these differ only by higher powers oP 

A® appears on changing Ar, by he Law of 

the Mean, to a termin AS, thus. (page 130) 
Ar = f(0+A8)-f (0) = Ad: Fp f(b) 

The required area_18, therefore, exactly; 
| Rey 4 rr? A® 

Ax#0 G5 4.5: 
| 25. sin? 200 = 25 [% incos4P ag 


aS 

ae 
aaa 
am 


% 

.C) 

if [O-qsin 40] = Fy = Ble 
M-It Work out the area of the circle 
r=(a sin B)cem, hya summation hintl, 


M-12 Find the area bounded by the lines: 
r= $ec.0,..0=0,. Pah, . Ans, gun, 
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M~I3 Work ouf the volume of a cone by 
means of @ stdmrmation- hmit ‘ 
“sing @S elemeags ices made 
paratiel to fhe base, 


— 
™ 


M-l4 Work out Ihe volume of a sphere by 
means of a summation Itmit, -~ ~~ 

using as elements a set of par- 
Olle/ sihees, 


‘ / 


\ 


M-15 Work out the mass of a_ stick (Ff tts 
density varies as the square root of the 
distanee fromone end of the eleme pi con- 
sidered, the density at the heavy end be- 
ing 36 16. per cu. tn, and the stick being 

finch sguare and a yard long. Ans. 4 Ibs. 


M-lb The force with which the sun pulls 
ona 1/b. mass equals I¢x{o' tens divided 
by the square of ffs 
distance in miles from 
the suns center find 
the work done by Solar attraction 1n pull- 
ing in a@ 1 pound mefeorite From the 
orbit of NEPTUNE, radius 28.10% miles to lhe 
surface of the sun, radius 43x 104 miles, 
Ans. 3500 mile-tans, 
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INTEGRATION By FARTS 


Formula 17, page 7o, leads loa Funda- 
mental method ef transforming thlegrak, 


1 fudu = vJdu - Sudv 


Avariable factor vepresented abhore by v) 
may be moved outside the f- sign, pro- 
vided a certain integral js subtracted as 
qn offsef, This process {Ss Called In- 
TEGRATION BY PARTS, the variahle re- 
moved from under fhe §-sron, v, and 
the tnlegral of the remaining factor, 
being referred to as the PARTS, 


This methed is usetul when the new integral, 


l. Simpler ig eae 
Judv,!s inilares the gtvén integral, Ju dw, 


The formula is often written: Judu-vu-$ udu, 


I. Example of simpler néw trtegral. [ l 0G XK dx, 
logx dx = Loox Jdyz- Jad log x 
= xlogqx- Sfx & 
= nlogx- K + A 


2. Example of similar new integral: Je%Sin x dy, 


| 15] 
Se*sinndz = e*lstn tde- S-cost€*dx 
. =~+€° cosx + J @*%cos x ax 3 
Apply the same process te the new integral. 
iene % dx < C*Jcos Kdx- Ssin x erae 
= @”sinzx -S@*sinx dz 
This new integral is the original one. Sub- 
stitute into the first eguation, lranspose 
Ihe S@%inzdx, and divide by k, obsaining: 
C*sinx dx = 4 €*(sin x-Cos x) 


n-' Jare gin s ds N-5 JO” sin 2x 5 6 
N-2 Sx cosx dx N-6 J x@”dx 

N-3 Jare tan x dz WN-7 J <*log az 
N-4 l ¢sin «daz N-& je ee dz 

Ae 4: JN 42 Ax. (Used In K-9). Use this 
transformatton: Sig 22)" x"adx = 

= S(ot-x2)"*# dz - a? § (d-x*)"* ax 

N-10 Saez) * ay (Used In M-! } Begin 
with §(ot+ xt) 2% Ax , fa kthg dy as ay 
transform the [arex*)”%* x* inka 


(are) — a?(a2+x2)~ 7%: eance/ he, 
original integral and solve for Sia°+x') “dx. 
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FINDING LISTS 
Page 4 
lf N=B, then L= Log_N qo 
Are sin(uj = number rad, NT, sinOru, 88 


fp Sink . a, ak, (4k) C, : 5 


n= number rad, in angk-unitt 1& .oah??- 
em 2718+, log, O= 49484, 5,87 


da LogX = L to el “ar, 85 
d sin? = ah cos 0 A0, me 


formulas for integration and Dif ferentyalim, 90 
Algebraic Differentials, ig Transcenden ntals, 70 


Li A A@ aa. oT 
ee o AP ™ ap 


pea es re (FJAP= (foiae tale! 


G=S+P, m between @ and 3%, 24 126 
@(G) = o(s} +P ols) + br o'(S) +” 


+b p™gr(s) + at, Ph@"lm), 12 


avteyay® 82 ax 43 5948 +2P ar, 3t 
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IF Fr 48 the rafe of tncregse in S per unit of 
tncrease in T, (see pages 10, 33, 115, (ib, 158) 
ASSAT= THE Rate, R, if Ris a constAnr 
AS*tAT= MEAN RATE, R, (Ff Ris VARIABLE 
AS+dT=TRVE PATE, R,if Ris EITHER 


DEFINITIONS AND SYmBeLs 


Arbitrary Const,, 6869 = Infegral, 68 
Arc sin, Arc Zan, &8 lutegrand 7/, 103 
Aree under, ‘og = bntermed. Arg., = 125° 
Argument, 2 Inverse function, 84 
Confinuou s, 4 Least coun/, 135 
Criftteal Ar@, 52 Logarithm, 90 
Definite Integral, 103 = Negative Area, {10,119 
Derivative, 12 Ferts, 160 
Difference Quo, OW - rarbal perm, «lag 
Discontinurty, 4 flange, | 140 
Element, 46 Remainder, 126 

| Exponential, 84 Scalar 18 
Function, 2 Shape 30 
Increment m Slandard, 133 
inflection, Transcendental, 8&4 

age also the bits af Contents) 

fiogiek. 2 Veer, 66° E, &, 130 

Ls FO), ‘29 . ee 
Riese, Ip, 8 Sz, tte 
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| TABLES 


Argument in Radians| NATURAL _FUNCTIONS|A 


a 


wares 180) 180] o 
355 bee 5 
36011901170) 10 
845 196 | 165 IS 
340 200)160 20| 
335 205 | 155 25 
330/210, 150130 
925 |216 | 145135 
320 |2206| 140| 40 
345 |225\135)45 
| 3/01230| 130)| 50 
| 30512351125 155| 
3 00| 240} 120| bo| 


134, “| 276| 2 2.92 240 250| 1101 70 
26) 3.73| 3.86] 285/255 | 105] 75 
A7\ 5.67) 5.76 28026 0| 1.00) Bo| - 
09) 1-43) 11,47)|275 265) 95| 85 
O. | NONE| NONE 1270 |270| go|Jo! 
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Nin the margin 
L in the fable 
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THE PLACE oF FRESHMAN CALEUL US 
IN THE CURRICULUM 


At Turrs Cottece the prescribed mathe-— 
matics in the Engineering Department con~ 
Sists of the following Courses; | 
ist TERM, FRESHMAN YEAR 
Course 1, Computation. Vse of Frigonometiic — 
functions , logarithms, slide-rule ,adiéals ard 
combination numbers, Plane fhangles, — 
Course &, Algebraje and ‘orephsAl Cia 
| Sinaltaneous and quadratic equations, Co- 
ordjhates, graphs, straight lines, circles, and 
conic sections, Locus problems, 
2nd TERM, FRESHMAN YEAR 
Course 3, This text-book 18 express/y in- 
tended for thts course, ) 
dst TERM, SopHe MORE YEAR 
Course 4, The more advanced parts of /Pige- 
nomerry and e/emenlary eqieulys, review, aril 
2nd, TERM, SoPHOMeRE YEAR 
Course S. Three dimensional work in frigo- 
nometry, analgtreal geomelty and caleulus, 
In troduction to differentiat eguatrons , 
_ JUNIOR AND SENIOR YEARS — 
Frivilege of electing higher mathe- 
matics given inthe College of Letters, 
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While Fhis text-book has been designed fo 
Fit a certaim curriculum, .its arrange- 
ment ys suaeh as: to permif its use in 
a variety of cases, tt may be laken up 
simultaneously with. Ingonometry and 
analylical geometry tn the first term, 
since no transcendenflals appear in the: 
first Ge pages (save in E-23 p63), It 
may be used inreview in the fater 
years since jt dea/s so coprously with 
the important applications of the calea- 
lug in an engineering or-scsenhhe 
course, For such apurpose the chtef oms- 
sion thet will be noted js that of centers 
of gravity and moments of inertia, qnd 
mult{pte integration, A 

The number of concrete problems 13 
large, 196 oul of the 417, and includes 
many problems of vital tmportanee in 
the stuoy of physics, and apk te hare 
their mathematical features insulfrejently 
considered in the Science courses, 

This text  ymakes no pretension to com- 
pleteness, but ts Intended to precede a 
calculas treating a greater range of lopics, 
Only such fopies are here presented as q 
Sophomore Engneer 1s Whely fo require, 
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SPECIALLY NAMED RATES 


Mhen KR rernans conslan? as § and T vary 
7 Is dletined as the ravé of mncrease 
of S$ in units of S per unit of mcrease 
OF T hy an egvation of the form: 
= aS SAT 
Inslances i This Tex are: 
Speed =A(drstance)~ Aliime) 
Ace eleratton =A (joeed) ~~ A(fr76) 
Power =l (work) Aime) 
Curren? = [yolme) = (Ame) 
Slope =A(rise) —~ Afr 
Altitvde =A — + (base) 
Force =A (work) +A@slance 
Cross-section =A (velume) + Al(/engin 
ileage = A (fare) +L (disione) 
Fressure =4 (force) ~~ Aferea) 
Density =Algzrass) = Alyolume) 
— Specific heat=L (heat) +B (tempera 


The unite whch precede ard follow the per in 
Ihe pare of Whe wnfh of @ ralé whose Unit 1s 
hor speclally naraéd sugges he oEFINTION of 
thal” r até: Tensile sieengih 1s rreasvredin les, 
per sg. in, hence 1s detined ashore) -Alareg) 


‘. ~~ -— of 
a ee o-" “ie ——~ 


2 ~~ 


— + 4 


ach, : ae 7 os" re ae 
ee on, a eS i an nt 
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